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Hydrogen Radial and Angular Wave Func

i62) killCall);
(%00) done

1 Define operators

7 (wil) assume(h[bar]>0, m>0, a>0, b>0, Z>0);
(%ol1) [hpar>0,m>0,a>0,b>0,7>0]

7 (®i2) /* Norm of radial function */
N(F) := (integrate(conjugate(f)*f*r~2, r, 0, inft));

(%02) N(f)::J conjugate(f)f radr

0

7~ (%i3) /* Norm of spherical function */
NY(F) := integrate(integrate(conjugate(f)*f*sin(theta), theta, O, !

27 (=
(%03) NY(f)::J J conjugate(f)f sin(p)de d¢
0 0

7 (%i4) /* Norm of 3d function */
N3(f) := integrate(integrate(integrate(conjugate(f)*f*sin(theta),
phi, 0, 2*%pi1)*r*2, r, 0, Inf);

o 27 (=
(%04) N3(f)::J J J conjugate(f)f sin(g)do d¢ r2dr

0 0 0

4 (%15) /* Expectation value of radial function */
Ex(Ff,op) := (integrate(conjugate(f)*op*f*r*2, r, 0, InfF));

(%05) Ex(f,op):= J conjugate(f)op f radr

0

7~ (%i6) /* Expectation value of 3D wave function */
Ex3(f,op) := iIntegrate(integrate(integrate(conjugate(f)*op*f*sin(t
phi, 0, 2*%pi)*r*2, r, 0, Inf);

o 27 (=
(%06) Ex3(f,op)::J J J conjugate(f)op f sin(p)do d¢ r2dr

0 0 0

7 (wi7) /* Integral of two 3D wave functions */
Ex32(fl,op,T2) := integrate(integrate(integrate(conjugate(fl)*op*T:
phi, 0, 2*%pi)*r*2, r, 0, Inf);

o (27 (=
(%07) Ex32(f1,op, F2):= J J J conjugate(fl)op 2 sin(p)do d¢ r2dr

0 0 0

{f Define energy levels of Hydrogen
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2 Define Radial Eigenfunctions

(%i8) rhon: 2*Z*r/(n*a);

2rZ
%08
(%08) o

1s radial function

(%19) rho: ev(rhon, [n=1]);

2rZ
(%09) ;

(%110) R[O]: 2*(Zz/a)"(3/2)*exp(-rho/2);
rz
2 Z3/2 %e_?
3/2

(%010)
a

2s radial function

(%i11) rho: ev(rhon, [n=2]);
(wo11) FZ
a

(wi12) R[1]: 1/(2*sqrt(2))*(Z/a)™(3/2)*(2-rho)*exp(-rho/2);
rz
Z3/2(2_'-%)%e_2a

a
(%012)

23/2 53/2

2p radial function

i13) R[2]: 1/(2*sqrt(6))*(Z/a)™(3/2)*(rho)*exp(-rho/2);
rz
rz5/2ye 2a

26 a5/2

(%013)

3s radial function

(%i14) rho: ev(rhon, [n=3]);

2rZ
(%014)

2/ 13

(%i15) R[3]1: 1/(sqrt(243))*(Z2/a)"(3/2)*(6-6*rho+rho”™2)*exp(-rho/2);

rz

4r272 4rz 2
Z3/2( o a2 _ +6j%e 3a
a a

35/2 53/2

(%015)
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~ 3p radial function

(%il6) R[4]1: 1/(sqrt(486))*(Z/a)™(3/2)*(4-rho)*rho*exp(-rho/2);

rz

2rZ e

2|'25/2(4—)%e 3a
3a

27+/6'a%/2

(%016)

3d radial function

(%i17) R[5]: 1/(sqrt(2430))*(Zz/a)"(3/2)*(rho”2)*exp(-rho/2);
rz
4r271729e 32

81-/30'a7/2

(%017)

Derivatives of Eigenfunctions

N TN NN

(%i18) for 1: O thru 5 do (
dR[1]: ratsimp(diff(R[i],r)),
grint (n, ": ", dR[1])
i rz
225/2%6_?
0: -
2572
LZ
N Z(2'rz3-25/2372)ne 22
1: 8a7/2
rz
5 - JZ' (V6 rz3-26az2)%e 22
) B 24 a7/2
rz
3- NZ'(4/3r224-2033/2 3y 23+239/2 32 72)ye 3a
) 729 a%/2
rz
4- NZ'(4r2z4-48ar z3+72a272%)%e 32
) 243-/6'a%2
rz
- \Z'(2/30'r224-1230'ar z3)%e 32
) 3645 a9/2
(%018) done

K Normalization check
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print (i, ™

):
N(R): 1 N(dR):
N(R): 1 N(dR):
N(R): 1 N(dR):
N(R): 1 N(dR):
N(R): 1 N(dR):
N(R): 1 N(dR):

(%019) done

3 Spherial Harmonics

Define Eigenfunctions

(%i20) Y[0]: 1/ (2*sqrt(%pi));

i21) Y[1]: 1/2*sqrte(3/%pi)*cos(theta);
/3 cos(e)
2~/

Y(0,0)
1
(%020)

2/x
Y(1,0)
(%021)
Y(1,1)

7 (»i19) for i: O thru 5 do (
N(R): ™, N(RLiD, ™

N(dR)

", NCARLID))

0i22) Y[2]: -1/2*%sqrt(3/(2*%pi1))*sin(theta)*exp(%i*phi);

/3" %we®t ¢ sin(p)

(%022) -

Y(2,0)

2372 [

i23) Y[3]: 1/4*sqrte(5/%pi1)*(3*cos(theta)”"2-1);

\/5'(3 cos(9)?-1)

(%023)

4n

4 / 13
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Y(2,1)

i24) Y[4]: -1/2*%sqrt(15/(2*%pi))*sin(theta)*cos(theta)*exp(%i*phi);
/15 %e’" ¢ cos(9) sin(o)

2372 [

(%024) -

Y(2,2)

(%i25) Y[5]: 1/4*sqrt(15/(2*%pi1))*sin(theta)™2*exp(2*%i*phi);
J15' %e2 %i ¢ sin(g)?

2572 [

(%025)

Y(3,0)

0i26) Y[6]: 1/4*sqre(7/%pi)*(5*cos(theta)”3-3*cos(theta));
J7'(5 cos(6)*-3 cos(6))
4n

(%026)

Y(3,1)

i27) Y[7]: -1/8*sqrt(21/(%pi))*sin(theta)*(5*cos(theta)"2-1)*exp(%i*phi
/21 %e®i ¢ (5 cos(p)?-1)sin(p)
8/

(%027) -

Y(3,2)

(%i28) Y[8]: 1/4*sqrt(105/(2*%pi))*sin(theta)”2*cos(theta)*exp(2*%i*phi);
/105 %e2 %1 ¢ cos(g) sin(g)?

2572 [

(%028)

Y(3,3)

(%i29) Y[9]: -1/8*sqrt(35/(%pi))*sin(theta)"3*exp(3*%hi*phit);
/35 %e3 %i ¢ sin(g)°

8n

(%029) -

theta-derivative of Y
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7~ (%i30) for i: O thru 9 do (
dyt[i]: ratsimp(diff(Y[i],theta)),
print (i, ': v, dyt[i])
I ):
0: 0
/3'sin(p)
2-n
/3" we®l ¢ cos(p)
2 : -
2372 [
3+/5' cos(p)sin(p)
3: -
2-n
4- J2'/15 %e®l ¢ sin(g)? -~/2' /15 %e™l ¢ cos(g)?
: i
) /15 %e2 %1 ¢ cos(9) sin(o)
o 2372 [
(157 cos(9)?-3~/7)sin(e)
6 : -
4n
.. 10-/21 %e®i ¢ cos(g) sin(p)>-5~/21 %e’i ¢ cos(g)>+~/21 %e™l ¢ cos(g)
: P~
J2'/105 %e? %i ¢ sin(g)®-2372-/105 %e? *i ¢ cos(g)? sin(g)
N
3-/35 %e3 %i ¢ cos(g) sin(p)?
8-n
B (%030) done

E phi-derivative of Y
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7~ (%i31) for i: 0 thru 9 do (
dYp[i]: ratsimp(diff(Y[i1],phi)),

print (i, ': v, dYpli]D
I ):
0: 0
1: 0
/3" %i %e®l ¢ sin(p)
2372 [
3: 0
15 %i %e” ¢ cos(g) sin(o)
2372 [
J15' %i %e2 %1 ¢ sin(g)?
2372 [
6 : 0
(521 %i %e®i ¢ cos(p)?—~/21 %i %e® ¢)sin(e)
7 : -
8-n
J105' %i %e2 %1 ¢ cos(p) sin(p)?
2372 [
3-/35 %i %e3 %1 ¢ sin(g)°
8n

(%031) done

E Normalization check

7 (%i32) for i: O thru 9 do (
print (i, " NY(Y): ™, NY(Y[iDD), ™ NY(dY/dtheta):

0 NY(Y;; 1 NY(dY/dtheta): O NY(dY/dphi): O
1 NY(Y): 1 NY(dY/dtheta): 2 NY(dY/dphi): O
2 NY(Y): 1 NY(dY/dtheta): ; NY(dY/dphi): 1
3 NY(Y): 1 NY(dY/dtheta): 6 NY(dY/dphi): O
4 NY(Y): 1 NY(dY/dtheta): ; NY(dY/dphi): 1
5 NY(Y): 1 NY(dY/dtheta): 1 NY(dY/dphi): 4
6 NY(Y): 1 NY(dY/dtheta): 12 NY(dY/dphi): O
7 NY(Y): 1 NY(dY/dtheta): %Z NY(dY/dphi): 1
8 NY(Y): 1 NY(dY/dtheta): 5 NY(dY/dphi): 4
9 NY(Y): 1 NY(dY/dtheta): 2 NY(dY/dphi): 9

. (%032) done

7 / 13

. NY(dYE[i])

- 4 Wave functions psi(r,theta,phi)=R[n]*Y[I,m]



251(5) -wxm

[
(
[

M’y "N rNy N NNy rNy PNy PN PNy PN rNy PN PNy PN PNy rNy rN PNl N N

psi[n=1, 1=0,
(%i33) gn[0]:
hi34) psi[0]:
psi[n=2, 1=0,
(%i35) gn[1]:
(%i36) psi[l]:
psi[n=2, 1=1,
%i37) gn[2]:
(%i38) psi[2]:
psi[n=2, 1=1,
%i39) gn[3]:
(%140) psi[3]:
psi[n=3, 1=0,
(%i41) gn[4]:
i42) psi[4]:
psi[n=3, I1=1,
(%i43) gn[5]:
hi44) psi[5]:
psi[n=3, I1=1,
(%i45) qgn[6]:
(%hi46) psi[6]:
psi[n=3, 1=2,
%i47) gn[7]: *

(h148) psi[7]:

ml=0]

"n=1, 1=0, ml=0"

REOT*Y[O1%$

ml=0]

"n=2, 1=0, ml=0"

R[11*Y[O1%$

ml=0]

"n=2, I1=1, ml=0"

R[21*Y[11%$

ml=1]

"n=2, 1=1, ml=1"

R[21*Y[2]1%$

ml=0]

"'n=3, 1=0, ml=0"

R[31*Y[O1%$

ml=0]

"n=3, I1=1, ml=0"

R[41*Y[11%$

ml=1]

"n=3, I1=1, ml=1"

RI41*Y[2]1%$

ml=0]

n=3, =2, ml=0"

RI51*YL[31%$

8 7 13
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7 psi[n=3, 1=2, mI=1]

7 (%i49) gn[8]: "n=3, 1=2, ml=1"$
7 (#i50) psi[8]: R[51*Y[4]$

7 psi[n=3, 1=2, mI=2]

7 (»i51) qn[9]: "n=3, 1=2, ml=2"$

7 i52) psi[9]: R[51*Y[51$
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n=1,

n=2,

n=2,

n=2,

n=3,

n=3,

n=3,

n=3,

n=3,

n=3,

E Normalization check

7 (%i53) for i: 0 thru 9 do (

print (gn[i], ™, psi: ", psi[i])

)

1=0, mI=0, psi:

1=0, mI=0, psi:

I=1, mI=0, psi:

1I=1, ml=1, psi:

1=0, mI=0, psi:

I=1, ml=0, psi:

1I=1, ml=1, psi:

1=2, ml=0, psi:

1=2, ml=1, psi:

1=2, ml=2, psi:

(%053) done

rz
Z3/2 %e a

Jx a372
rz

23/2(2_"%)%6'2a
a

25/2 [ 372

rz
J3'r cos(9)z%/2%e 22

406 [ 572

rz
J3'%e" ¢ r sin(g)z5/2 %e 22

25/2@@ a5/2
rz

4r272 4rz -
A (92_ +6j%e 3a
a a

23572 [ ' 48/2

rz

2rZ -5
rcos(e)25/2(4— 5 j%e 3a
a

35/2 (61 a5/2

rz

- 2rZ =

%e%'¢rsin(e)z5/2(4— 3r j%e 3a
a

1235726 5 a5/
rz
5 r2(3 cos(9)’-1)27/2 %e 32
81-/30'/x a’/2
rz
J2'\J15 %e™ ¢ r2 cos(9)sin(9)Zz7/2 pe 32
81-/30'/x a’/2
rz
J15 %e2 %1 ¢ r2 sin(g)? z7/2 e 3a
81~/2'/30'/x a7/2

10 /

13
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" (%i54) for i: 0 thru 9 do
print (i, " N3(psi): ", N3(psi[i]));
N3(psi):
N3(psi):
N3(psi):
N3(psi):
N3(psi):
N3(psi):
N3(psi):
N3(psi):
N3(psi):
N3(psi):
(%054) done

©O~NOOUADMWNRO
RPRRPRRRPRRPRRPRR

- 5 Expectation values for El:
-e hbar/(2m) sigmaZ BZ integral psi* sin™2(thets

7 (%i55) for i: O thru 9 do (
op: -e*h[bar]/(2*m)*sigma[Z]*B[Z]*sin(theta)"2,
print (gn[i], ", Ex3(psi, op): ", Ex3(psi[i], op))
h eoyB
n=1, 1=0, ml=0, Ex3(psi, op): —m“3;22
h eoyB
n=2, 1=0, ml=0, Ex3(psi, op): —m“3£22
h eoyB
n=2, 1=1, ml=0, Ex3(psi, op): _mw5;uz
2h eoyB
n=2, 1=1, ml=1, Ex3(psi, op): - ba;mcz z
h eoyB
n=3, 1=0, ml=0, Ex3(psi, op): —m“3£22
h eoyB
n=3, 1=1, ml=0, Ex3(psi, op): —mWSJZZ
2h eoyB
n=3, 1=1, ml=1, Ex3(psi, op): - ba;mcz z
. i S hpar € 67 Bz
n=3, 1=2, ml=0, Ex3(psi, op): - o1
2h eoyB
n=3, 1=2, ml=1, Ex3(psi, op): - ba;mcz z
3h eoyB
n=3, 1=2, ml=2, Ex3(psi, op): - ba;mcz z
7(%055)done

- 6 Expectation values for E2:
-e hbar/(2m) sigmaZ BZ integral psi* sin™2(thets
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7~ (%i56) for i: O thru 9 do (
op: -e*h[bar]/(2*m)*sigma[Z]*B[Z]*sin(theta)"2,
psi2: 1/r*diff(psi[i], r),
print (gn[i], ™, Ex32(psil, op, psi2): ", Ex32(psi[i], op, ps
)
| hpar € Z2 6, B
n=1, 1=0, ml=0, Ex32(psil, op, psi2): bar oz7z
3a2m
hpar € Z2 67 B
n=2, 1=0, ml=0, Ex32(psil, op, psi2): bar 027z
24 a2 m
hpar € Z2 67 B
n=2, 1=1, ml=0, Ex32(psil, op, psi2): bar o272
120 a2 m
hpar € Z2 67 B
n=2, 1=1, ml=1, Ex32(psil, op, psi2): bar it
60 a2 m
hpar € Z2 67 B
n=3, 1=0, ml=0, Ex32(psil, op, psi2): bar o272
81 a2m
hpar € Z2 o7 Bz
n=3, I=1, ml=0, Ex32(psil, op, psi2):
(P P. psi2) 405 a2 m
2 hpar € Z? 67 B7
n=3, I=1, ml=1, Ex32(psil, op, psi2):
( P. psi2) 405 a2 m
hpar € Z2 67 B
n=3, 1=2, ml=0, Ex32(psil, op, psi2): bar o272
567 a2 m
2 hpar € Z? 67 B7
n=3, 1=2, ml=1, Ex32(psil, op, psi2):
( P. psi2) 945 a2 m
hpar € Z2 67 B
n=3, 1=2, ml=2, Ex32(psil, op, psi2): bar it
315a2m
7(%056) done

7 Expectation values for E3:
e/(2m) sigmaZ BZ integral psi* sin™2(theta) sigr

~ E3 = e hbar/(2m) ES3 sigmazZ BZ integral psi* sin®2(theta) sigma*L dtau
with
ES3 = j*g+1)-1*(1-1)-s*(s+1)

7 wie7) E3fun(l,s,j.,ml,ms,mj,iR,iY) 1= (

psi: RLIR]*Y[1Y],
EJ: jJ*@+1)-1*(1-1)-s*(s+1),
op: e*h[bar]/(2*m)*sigma[Z]*B[Z]*EJ*sin(theta)"2,
E3: Ex3(psi, op)

/* print(*l, s, j, ml, ms, mj, iR, 1Y =", L,s,j,ml,ms,mj,iIR,1Y

", ES3 ",ES3, ", E = ",E)

print("'ES3 ",ES3, ", E = ",E)*/

)$
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- 1=0,
1=0,

I
(IR

=1,

=1,

I
(IR

=1,

=1,

I
N

1=2,

1=2,

for ml:
for

7 (wi74) for 1: O thru 3 do (

-1 thru 1 do (

msl: 1 thru 2 do (

ms: msl-3/2,

mj: ml + ms,

if ml=-1 then s: 1/2 else s:
J: abs(l + s),

/* if j>0 then (*/

S
ml=0, j=1/2,

ml=0, j=1/2,

ml=0, j=1/2,

ml=0, j=3/2,

ml=1, j=1/2,

ml=1, j=3/2,

ml=-2, j=5/2,

ml=-2, j=5/2,

ml=-1, j=3/2,

o

then
then
then

and abs(ml)
and abs(ml)
and abs(ml)
and abs(ml)=1 then
and abs(ml)=0 then
and abs(ml)=3 then
and abs(ml)=2 then
and abs(ml)=1 then
and abs(ml)=0 then
, E3: O,

N OB

WWWWNNNER, P

=h =h =h =h =h =h =h =h =h <

(< 2 | L L L L

EJ:

E3fun(l, 1/2, j, ml, ms, mj,
ml=~d, j=-a,
EJ, E3),

print(” EJ=",

printf(true, "1=~d,
i, ml, jJ, s, ms, mj,

s=1/2, ms=-1/2,
EJ=0, E3=0
s=1/2, ms=1/2,
EJ=0, E3=0
s=1/2, ms=-1/2, mj=-3/2
6 hpar € 67 Bz
5m
ms=1/2, mj=-1/2
EJ=3, E3=_bar®oz
5m
s=-1/2, ms=-1/2,
EJ=0, E3=0
s=1/2, ms=1/2, mj=1/2
EJ=3, E3= ar®ozPz
5m
s=-1/2, ms=-1/2,
EJ=0, E3=0
s=1/2, ms=1/2, mj=3/2
6 hpar € 67 Bz
5m
ms=-1/2, mj=-5/2
18 hpar € o7 Bz
7m
ms=1/2, mj=-3/2
18 hpar € 67 Bz
7m
ms=-1/2, mj=-3/2

2h eozB
EJ=1. E3= bar © 6z bz

mj=-1/2

mj=1/2

EJ=3, E3=
s=1/2,

mj=-1/2

mj=1/2

EJ=3, E3=
s=1/2,

EJ=6, E3=

s=1/2,
EJ=6, E3=
s=-1/2,

<< < << =<=<=<=<

ms,

ONOOCOWhrorLN

01

13 /7 13

ms=-a,

", E3=", E3)



