
Chapter 7

THEORY OF THE OPTICAL FARADAY EFFECT

M  U .  E v a n s

A  c i r c u l a r l y  p o l a r i z e d  p u n p  l a s e r  a p p l i . . l  1 o  a l o m i c  o r  r n o l e c u L a r  n a t L e r  r o t a t e s
the  pLane o f  poLar iza t ion  o f  a  l inear ly  po ia r izcd  probe laser  whose propagat ion
d i r e c t i o n  i s  p a r a l l e l  t o  t h a t  o f  t h e  p ü m p .  t e  r e f e r  L o  t h i s  a s  t h e  o p L i c a l

F a r a d a y  e f f e c t ,  a n d  d e v e l o p  a  t h e o r y  b a s . ' d  o n  t h e  a { r )  f i e L d  o f  t h e  p u n p ,  a
theory  vh ich  sho l rs  tha t  the  molecu la r  f ro fe r ty  tensors  respons ib le  fo r  the
o p t l c ä l  F a r a d a y  e f f e . r  ( U F E )  a r .  t h e  s a m e  a s  r l o : j .  w h i . h  a r e  u s : d  t o  d e s c r i b e  t h e

u s u a L  f a r a d a y  c f f e c t .  T h i s  m e a n s  t h a l  t h .  c l i . . t  o f  t h c  a ß )  f i e l d  o f  a  p u n p

l a s e r  i s  t o  s h i f t  a n  M C D  s p e c t r u m  u p w a r d s  o r  d o r n w a r d s  i n  f r e q u e n . y .  d e p e n d i n g
o n  t h e  s e n s e  o f  c i r c u l a r  p o l a r i z a t i o n  o f  t h c  p u m p  l a s e r .  T h i s  e f f e c r  o c c u r s
\ r i t h o u t  d i s t o r t i o n  o f  t h c  o r i g i n a l  M C D  s p e . l r u m ,  ä ' r l  i s  p r e c i s e l y  ! , , ' h a t  h a s  b e e n
o b s e r v e d  € x p € r i m e n t a l l y  r e c e n r l y  b y  S a D f o r d  e t .  a l .  l l l  i n  c a d m i u m  c h r o m i u m
s e l e n i u m  f e r r o m a g n e r  i c s .  T h i s  i s  s t r o  g  c v j d c n c c  l o r  f i r s t  o r d e r  e { f e c r s  b a s e d

o n  t h e  l ' '  t i . l ( l  o f  t h e  p u m p  l a s e r .  l l , . s r  l j r s r -  o r d e r  o F F l  e i f e c t s  a r e
d is t ingu ished f ro r  s (  cond order  equ iwa len t .  b rsed or !  the  con iugate  produc t  o f  the
p u n p  t a s e r .  T h e  L a t t . r  a r e  m e d i a t e d  b y  d i f t c r c  r  m o l . c u l a r  p r o p . r l v  t c n s o r s ,  a n d
u o u l d  d i s t o r t  a s  w c l l  a s  s h i f t  t h e  n o r m a l  M C I )  p r o l i l .  o l  a  s a n r p l e  t r e a t e d  v i t h
a  c i r c u l a r l y  p o l a r i z e d  p [ n p  l a s e r .  S u c h  d i s t o r l i o n s  w . r c  ü o t  o b s e r v c d  b v  S a n f o r d
e . .  a l .  L r l .

1- Introduction

S a n f o r d  e t  .  , /  .  I  I  h a v e  r e c e n t l y  o b s e r v . d  a n  o p r  i . r r l  I  a r a d a y  e f f e c t  ( O F E )
d u e  t o  o p t i c a l  p r u n t ) i n { t  b y  a  c i r c u L a r l y  p o l a r i z ( t i  l a s { , r  i n  C d C r , S c . .  T h e s e
ä u t h o r s  n o t e d  a  1 a r g .  s h i f t  i n  t h e  F a r a d a y  r o t a l  i ( ) n  s p e ( : t i r m  o f  t h i s  c o m p o u n d  a t
7 8  K ,  a  s h i f r  c a u s . ( l  b y  a  c i r c u l a r L y  p o l a r i z . . l  t r l m t  l a s e r .  T h e  s h i f t  w a s
r e w e r s € d  b y  r e v € r s i n 8  t h e  c i r c u l a r  p o l a r i z a l  i o r  o l  t h .  p u m p ,  t h e  d i s p l a c e m e n t
b e i n g  t o  l o w e r  e n e r g y  w h e n  r i g h t  c i r c u l a r l y  p o l r r i z . { i  p u n p  r a d i a t i o n  w a s  u s e d .
T h e  i n t e n s i t y  o I  t h e  p u n p  l a s e r  v a s  o n t y  0 . 7  t o a t r \  . m ' .  a n d  r h e  s a m p L e  t h i c k n e s s
was 25 microns.  I t  was observed that  the compLctc laraday rotat ion specLrum near
1000 nm i , , /as shi f ted wi thout  d istor t ion to h igh.r  or  Lorer f requencies by the punp
laser,  an €f fect  which was interpreted in terns of  a punp induced incrernent  in
the ef fect 've magnet ic f ie ld.  This ef fect  was observed at  reDarkably low punping
levels and was r :eported to be ten t imes greater  in c i rculär  than in l inear

l n  t h i s  a r t i c l e  r e  i n t € r p r € t  t h e s €  e x p e r i m e n t a l  r e s u l t s  v i t h  t h e  r e c € n t L y
p r o p o s e d  o a g n e t i c  f i e L d  a o )  o f  a  c i r c u l a r l y  p o l a r i z e d  L a s e r ,  a  f i e l d  w h i c h  i s
def ined through the $e] l  knom conjugat€ product  [2 5]
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r (  r .  a r o  i s  t h e  c o n p l e x  c o n j u g a t e  o f  l ( ' ) ,  t h e  m a g n . - t i c  c o n p o  e n t  o f  t h e  u s u a l

p l  ane wave ln  f ree  space .  Th .  synr l ) ( ,1  E  '0 )  denot€s  the  sca la r

, n i p l i t u d e  o f  t h i s  m a g n e t i c  c o m p o n e n t .  F r o m  E , t .  ( l )  i t  i s  s e e n  t h a t  a ( t  i s

r L r r a l l e l  t o  t h e  p r o p a g a t i o n  a a i s  o f  t h e  L a s e r ,  a n ( l  i s  i i e q u e n c y  i n d e p e n d e n t ,  a s

I  t h e  p u r e  i n a g i n a r y  c o n j u g ä t €  p r : o d u c t  a { t ) x a ( ' ' .  l h {  I i c l d  l G '  r " v e r s e s  s i S n

|  9 j  w i t h  c i r c u l a r  p o l a r i z a t i o n  a n d  d i s a p p e a r s  i n  1 i n . ; . r  p o l a r i z a t i o n .  I n  S . l .

, , , i t s  i t s  f r e e  s p a c e  n a g n i t u d e  i s  a b o u t  1 o '  l , l / "  t r s l a .  w h . r .  J o  i s  t h e  b e a m

L ' r f e n s i t y  i n  \ ' r a t t  p e r  s q o a r e  m e t e r .  F o r  a  b e a m  o i  1 0 , 0 0 ( )  u r r  I  t e r  s q u a r e  m e t e r

1 . 0  w a t t  p e r  s q u a r e  c e n t i m € t e r )  i t s  v a l u e  i s  t h e r f l o r ( ,  a l ! ) r r l  l 0 '  t e s l a .  T h i s

s  ä b o u t  t h e  s a n €  a s  t h a t  e x p e c t e c l  f r o m  t h e  p u m p  i ' i t . n s i l y  ( o  /  w : ' t l  p e r  s q u a r e

, n t i m e t e r )  r e p o r t € d  b y  S a n f o r d  e t .  a l  .  [ 1 1 .  S i n . e  a r ' )  i s , r  n r 1 l t r . t i ( :  I i e l d ,  i t

, , i  e x p e c t e d  t o  p r o d u c e  a n  o p t i c a l  f a r a d a y  e f f e . t ,  a h i c h  i s  l l r (  i , , , 1 , i . . t  o f  t h i s

r f i c l e .  T h e r e f o r e  \ t e  e x p e c t  a  F a r a d a y  s p e c t r : u m  t o  b e  s h i l r { ' ( l  w i l i i , , , , l  , l i s t o r t i o n

, \ '  a ( 3 )  t o  h i g h e r  o r  l o w e r  f r e q u e n . i e s ,  a s  o b s e r v e d  b y  s ! r r l o r ( l  , I  J l  
' l

I n s e c . 2 , i t i s s h o w n r h a t t h e i n t r o d u c t i o n o f t h e n e w l o n f , i t \ x l i ' i , , 1  l i ( l ( t  t ( ' )

i  c o n s i s t e n t  w i t h  c o n s e r v a t i o D  o f  e l € . t r o n a g n e t i c  e n e r g y .  I r  s ( .  j ,  . t  1 , r r r t , l .

\ ä m p 1 €  o f  t h e  o p e r a t i o n  o f  a r t  i s  g i v e n  t h r o u g h  t h €  i n v e r s c  l a l a ( l n y  ( 1 1 , ' ( l  l o r

, r c  e l € c t r o n .  I n  S € c .  1 i ,  t h e s e  c o n s i d e r a t i o n s  a r e  € x t e n d € d  t o  t h . '  i r r v ,  t i i i  ; , I X i

I ) r i c ä l  F a r a d a y  e f f e c t s  i n  a t o m s  a  d  n o l e c u l € s ,  a n d  i t  i s  s h o w n  l l r r l  a o )  i , i

,  r { p e c t e d  t o  p r o d u c e  b o t h  e f f e c t s  f r o m  a  c i t c u L a r l y  p o l a r i z e d  p u m p  l ; r 5 ,  |  .  I l t r

, s u l t s  o f  l h e  l t 1 )  t h e o r y  a r e  c o m p a r e d  v i t h  t h e  e x p e r i m e n t a l  d a t a o f  S a t , l , , r { t , r '
, 1 .  d e s c r i  b € d  a L r € a d y .

: / .  Conserva t ion  o f  Energy  in  the  Presence o f  a r r )

T h a t  t h e r e  i s  a  c o n n e c t i o n  b e t s e e n  l o n g i t u d i l r a l  r n d  t r a n s v e r s e  s o l u r  i ( ) t ' s

1  I ' l a x v e l l ' s  e q u a t i o n s  i n  v a c r l o  e B e r g € s  f r : o m  a  . o n s i ( l . r a t  i o n  o f  t h e  a n r i s y m m e l  I  i .

, r r  o t  l i E , h t  i n t e n s r t v ,  r  e .  t h e  a n t i s y m m e t t  i .  p a r t  o f  t h e  t e n s o r  ( i n  S .  I

a t l '  x ! o )  :  i a ( 0 ) a r ! )

' [ e r e  € o  i s  f r e e  s p a c e  p e r m i t t i v j t y  a n d .  t h . ]  \ t l o . i t y  o f  l i g h t  l n  v a c u o .
( c t o r  n o t a t i o n ,  t h e  a n t i s y n m e t r i c  p a r t  o J  E q .  ( / )  i s

( t )

( ? )

r l , e r e  t { 1 )  i s  r h e  c o m p l e x  c o n j u g a t e  o f  t ( r ) ,  t h e  t r a n s v e r s e

r lane vave in  vacuo.  I f  O is  the  phase o f  rhe  pLane aave

t o u ' j  =  . € o E ( ! t  x r o )  =  c r . o ! ( 1 ) , a ( : ) ( 3 )

e l e c t r i c  p a r t  o f  t h c
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so = -at ' . t  ,1 11, , . '0 , Ed ,  ! : ld*  j te ,4 ( 4 )

rhere  . ro )  i s  the  sca la r  ampl i tude in  vo l ts  per  ncrer  and I  and J  a re  un i t  po la r
vec tors  in  X  and Y i f  the  bean pr :opagates  in  Z .  The cor respond ing  nagnet ic  f ie ld

sL,t -  P!!qi1t1"to. so = P!!,  ;1*11" ' , t

shere th is t ine I  and J s ignl fy uni t  ania l  vectors in X and Y.  Fr :on
a n d  ( 4 )  i t  i s  s e e n  t h a t  t h e  e l e c t r i c  f i e l d  c o n j u g a t e  p r o d u c t  I 6 - 9 1  i s

( s )

E q s .  ( 3 )

( 6 )

v h i c h  i s  i n d e p e n d e n t  o f  t h e  p h a s e  o f  t h e  p l a n e  a a v e .  w o ; n l a k  e t .  a i .  I 1 0 l  h a v e
recent ly expressed the inverse Faraday ef fcc l  d i rect ly  in terms of  th is conjugate
product  mul t ip l ied by hyperpolar izabi l i ty  components.  The uni t  vector :  on the
r ight  hand s ide of  Eq.  (6)  is  axiar  by def in i t ion,  because i t  is  forned f ron a
v€ctoi  cross product  of  teo polar  vectors.  Th€ conjugate product  is  therefore p

p o s i t i v e  a n d  i t  h a s  b c e n  d e n o n s t r a t € d  [ 1 ]  I  t h ä r  r ' r  r s  I  n e g a r i v e .  H e r e  p  i s  t h e
par i ty  invers ion operator  and i  the rnot ion r . :versal  opcrator .  I t  is  therefore
proport ional  to a phase indep€ndent näAref i .  f ie ld,  uhich is  longi tudinal  and
d e n o t e d  b y  A ( ! , .  U s i n g  t h e  f r e e  s p a c e  S . l .  r o l a l i o n  E { o )  i  c B { o )  i t  i s  e a s y  t o

! r r ) ^ ! { 2 ,  =  r Ä r o r , *  =  i d . ? r i o ) B r r )

( t )

A  s i m p l  e  e \ r ' . n s i , ,  , ' t h i s  d e r i v a t i o n  s h o a s  t h a l  ,

a 1 1 )  x a o )  :  i B { o ) ! ( , } .  -  i r 1 . r a { 1 )

B r l t / E l t t  -  j B t o ) B t L , .  =  i  t r i E t z l

( 8 a )

(  8b)

( 8 " )a ( r ) ^ ! { 1 )  =  r s L o ) a r 2 r .  ) 8 \  E t r \

vhich can also be shown to be part  of  the Lie a l8.bra [12]  of  the Poincar6 or
Lorentz groups of  e lectromagnet ism.

TraDswefse conponent s of  the electronaqt let  ic  p lane wave in vacuo inply the
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,J( ,s.Dce of  a 'bve) lanqi tudinal  caapanent 813) whi .h is  phase indep.,ndent.
T h i s  i s  a n  o b v i o u s  d e p a r t u r €  f r o m  t h €  c o n v c n t i o n a l  n o t i o n  [ ] 3 ,  1 4 1  t h a t

r . n s v e r s e  ä n d  l o n g i t u d i n a l  s o h l t i o n s  o f  M a a w e l l ' s  e q u a t i o n s  i n  f r e e  s p a c e  a r e
, , , r e l a t e d .  M a n y  a s p e c t s  o f  t h €  p r : o p e r t i e s  o f  E r l '  a r e  d i s c u s s e d  e l s e w h e r e  [ 6 - 9 ] ,
' r 1 r  i t  i s  u s e f u l  t o  n o t e  h e r e  t h a t  i f  a ß )  i s  z e r o ,  r h c  s y m e t r i c ,  c y c l r c ,  L i e
L l s c b r a  ( 8 )  c o l l a p s e s .  4 1 s o ,  f r o m  E q s .  ( 8 b )  a n d  ( 8 . )  u e  s e e  t h ä t  i f  r { 3 )  i s

, s u m e d  z e r o ,  a s  i s  c o n v e n t i o n a i ,  t h e n  t o )  a n d  ! r l )  v a n i s h ,  a  p a r a d o x i c a l
'  r j 1 1 1 t .  T h e  L i e  a l s e b r a  ( 8 )  c o n s e r v e s  F ,  f ,  a n d  e ,  w h i . r ,  i s  c h a r g e  c o n j u g a t i o n
y m m e t r : y ,  a n d  t h e r e t o r e  o b e y s  t h e  6 f i  t h e o r e r n  1 1 5 1 .  l h c r c  i s  a  c l o s e  c o n n e c t i o n
!  r reen the argebra (8)  and fundamenral  three and 1oür d jncrLsional  geom€try
l i r c l i d e a n  ä n d  M i n k o v s k i ) .  T h i s  i s  i t l L l s t r ä t e d  w i  t h  r . t ( , r ( : n c e  r o  r h e  u n i t

. 1 , { r t o r s  i n  t h e  f o 1 1 o v ' i n g  c i r c u l a r  b a s i s ,  f i r s t  u s e d  b y  l a t r a i  r n d  K i e r i c h  1 1 6 1 ,

. t r t  =  1 1 . t  r t ;  d h t  ] , r l  , r - l ) ;  e " ' : e '  ( 9 )
,/? ,/2

l i  t h i s  b a s i s ,  i t  i s  e a s i l y  s e e n  t h a t
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j a  ( 1 )  t  =  j a ( r )

e l , )  x € ( 1 )  :  i e { 2 t .  :  j e r l )

r l i j . h  i s  e x a c t l y  t h e  s a m e  s t r u c l u r e  a s  ( 8 ) -  T a u r o l . r a i . a l 1 y ,  i f  e  i ' )  i s  a s s { , r r { . ( l
' , ,  b e  z e r o ,  t h i s  g e o n e t r y  b e c o m e s  m e a n i n g l e s s  i  l h r o e  d i m e n s i o n s .  F r o m  t l , (
' ,  l a t i o n s  I r r ] ,

( l o )

( 1 r )

and so the forn. ' r
i s  a l s o  t r u e  i n

a { 1 )  =  i €  ( 1 ) B  ( o r 4  r o ,

! ( : )  =  i a  { . )  n  r o )  P  i ö

a { r )  =  B ( d ) e ß ) ,

r  b e c o n e s  c l e a r  t h a t  t h e  a s s e r t i o n  A r , )  =  o  i n p l  i
, i  a e o m e t r i c a l l y  i n c o l r e c t  i n  E u c l i d e a n  s p a . . .

' r r n k o v s k i  s p a c e  [ 1 5 ] ,  i n  s h i c h
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,.., ;.:::: l
w h e r e  t h c  i ' s  a r e  r o t a t i o n  o p e r a t o r : s  o f  r h .  P o i n . 3 r i  a n d  L o r e  t z  g r o u p s  I f 5 ] '

I t  i s  w c l l  k n o v n  t h a t  t h e s .  r o t ä t i o n  o p e r a t o r s  a r e  e a c l L  n o n - z e r o  4 ) ( 4  c o m p l e x

m a r r i c e s  I l 5 l ,  a n d  e  a A a i D  s e e  t h a l  l h e  . o n v e n t i o n a L  a s s e r t i o n  F L t )  o  s

i n c o r r : . c t .  F r o m  a . o n s i d c r a t i o n  o f  L h .  . i  m a l r j c e s .  t h e  q u a n t u m  n a t u r e  o f  t h e  a

f i e l d s  o f  € t e c t r o m a g n c t i  s m  i s  c ä s i  l y  d . d u . . d

6 , ' ,  -  u , u ,  
j .  "  . -  , 0

A : , i  , , " ,  , i '  ' , ,  ' a

B : t  ; r ' ' ,  ' ? .  "  ,

w h e r e  h  i s  t h c  1 ! r j f  o 1  a n 8 u l a r  n o m € , n l  r r n r  i  ( l r r r n l l l m  f i c l d  t h c o r y ,  - L  e  t h e

a n g u l a r  m o n o n t u m  o f  . r , .  p h o t o n  F r o m  E . l  ( 1 1 )  i l  i s  s e ' n  t h a t  t h e  p h o L o n  h a s  a n

e l e m e n t a r y  L o n g i r , , ( l i n a l  r n a g n e t i c  o p e r a t o t  , , , r ' p o r r , r r t  t l j "  l 6 - q l  T h i s  r e s L l l t  w a s

f i r s t  d e r i v e d  i n  I { ( 1 .  ( r r )  u s i n g  a n  i n d c l x ' n t . r r  r t r ' r h o ( i  s i n c r  ' l ' ' )  i s  n o n  z e r o

f r o m  f u n d a m e n r r l  l i r : r t  P r i  c i p L e s  I L 5 l  
j r  i s  i r r o r r ( ' t  t o  : : s s e r r  r h a t  6 ; i r '  a n d

i t s  e x p e . t a t i o n  v r l r r ( '  . a ( 3 ) ,  i s  z e r o

S i n . (  r r 1 )  i : :  : ,  o a f l n e t i c  f i e t a l  w e  c x P r ' ' l  . l ) l  i ' a l  m a l f i ' l  i z r l  i o n  ' f t e c t s '  t h e

s u b j e c t  o f  1 l r i s  I [ t ! ' r  
' t h e s e  h a v e  a c t r r : r l l v  1 l ( t r  r e t o r l ' ( l  ' r P ' r j m e n t a l l y  I L '

f Z - Z l l n , r . , , " , t , t o ( t r l i i o n s . l n t h i s s e c r i o r r . i l i s d r ' r ( ) r r s t r n r ' d r r : ; i r r 8 c t a s s i c a l

e l e c t r o d y n ä r i . s  r l i , l l  r ( 3 )  c l o e s  n o t  v i o l a t .  1 h ( ' l r r r ( l : r n k ' I r 1 r l  I o Y n t i n S  l h c o r e n  o n

t h e  c o n s f r v r l  l ( ) ' r  ( ) l  (  
" '  

'  f l v .
I n  S . l .  r r n i l : ,  l l , e  c L a s s i c a l  P o y o t i n g  r l r ( r i r ( m  l r i  t h '  ( : o n t i n u j t y  e q ü a t i o n

t 2 4  ) ,

9u ,-'... s t, (  1 4 )

h e r e  t h e  v e c t o r  f i e l d  I r .  t h e  P o y n t i n g  v e . t o r .  i r i  t h f  c l e ' t r o m a g n e t r c  p o a e r  p e r

u n i r  a r e a ,  o r  f l u r  o f  e L e c r r o m a g n e t i c  e n . r t \  '  T h e  s c a L a r  f i e l d  ' /  i s  t h e

e lec t romagnet ic  po l 'e r  Per  un i t  voLume,  o r  energv  ( t . I rs i t v  o f  the  e l  ec t ro rnagn€t1c

i i e l d -  t  i s  t h e  m a t e r i a l  c u r r e n t  d e n s i t y  a s  t h e  r e s l l l t  o f  c h a r g e  d e n s i t y  p

m o v i n g  v i t h  v e L o c i t Y  1 ' .  T h e  p r o d u c t  c ' z € ! ! . 7  i s  t i r ( r  r a t e  p e r  u n i t  v o l r r ß e  a t  v h i c h

Theory of the Optbal Faraday Efect 59

r h .  e l e c t r o m a g n e t i c  f i e l d  d o e s  w o r k  o n  a  c h a r g e  d i s t r i b u r i o n  [ 2 5 ] ,  i . e  t h e  r a r c

, r  u h i c h  t h e  f i e L d  l o s e s  e n e r g y  t o  t h e  c h a r g e s .  M o r e  g e n e r a l l y  [ 2 5 ] ,  c , € o r . r  i s
l i .  d e n s i t y  o f  p o v e r  L o s t  f r o m  t h e  f i e L d s  ! l  a n d  r  a s  a  r e s u l t  o f  r a d i a t l o n

' , L t t e r  i n t e r a c t i o n .  T h e  p o w e r  d e n s i t y  c , € o . E t  i s  l d e n t i f i e d  c l a s s i c a l l y  [ 2 5 ]
f i l h  r h e  d e n s i t y  o f  l o s s  o f  f i e l d  e n € r g y  t o  p a r l i c l .  m o t i o n .  T h e  n o t i o n  o f  f i e l d

, { r g y  t a k e s  m e ä n i n g  [ 2 5 ]  o n l y  w h e n  t h e r e  i s  c o u p l i n l ]  t ) e r $ e e n  f i e l d  a n d  m a t t e r .
r , , r m a L L y ,  h o w e v e r ,  t h e  P o y n t i n g  t h e o r e m  i s  w r i t t e n  i n  f r e e  s p a c e  ( S . L )  a s

( 1 2 )

v n  +

r -  !  x ,

D  - . t g * P ,

: 1 , ,  r c  E  i s  t h e  m a g n e t i c  f i e l d  s t r e n g t h  ( a m |  r , ) r  p ,

r ,  r m e ä b i l i t y ;  a n d  t  r h e  e l e c t r i c  d i s p l a c e m e n i  ( ( i  n i  r )
' l i ( ,  m a t e r i a l  e n e r g y  d e n s i t y  p e r  u n i t  v o l u n € .  i n  S  L .

( r 5 )

( 1 3 )

^ ,  e i s h  t o  s e €  h o v  l ( 1 '  a f f . c t s  t h e  v a l i d i r y  o f  [ . ] .  ( 1 4 ) .  t h . , f u n d a n e n t a l  l a w  o f
, , n s e r v a t i o n  o f  e n e r g y  i n  t h e  f i e l d - m a t r e r  i n r e r ! . t  i o n .  l , J .  f i r s t

r L , e s t i o n  c l a s s i c a l l y ,  t h e n  e x t e n d  t h e  a r g u n e n t s  r o  t l x ,  , t [ a , ) 1 , , m  t | . o r y
From the  l . Iaxve ]1  equat ions ,

;=  f f - v " r . . . . . ,  (16 )

, ,  s . l .  u n i t s ,  v h e r e  w e  h a v e  o n i t t e d  t h e  q u a d r u p o L e  t c r m  l r l r l  l , ' r  ' i i n i t , l i . i l y .

l ,  r c  P  a n d  I  a r e  n a t e r i a L  p o l a r i z a t i o n  a n d  m a g n e t i z a r i o n .  l n  s . t .  , , , , i 1 , ; .

( t  t a ,

(  r / b )

t h e  f r . e e  s p a c e  m r l t n . r  i i .

W i t h  t h c s c  d c f  i  n i  t  i o r r :  .
i s  1 2 4

( 1 8 )

l i { .  w o r k  d o n e  b y  t h e  e x t e r n a l  c l a s s i c a l  e l e c t  r o r a g l (  I  j c  f i e l d  o n  t h e  m a t e r i a l  i s
i t " / d t ;  a n d ,  t h e  w o r k  d o n e  b y  t h e  m a t e r i a l  o n  r h .  e l e c t r : o m a g n e t i c  f i e l d  i s
t t t , / , t t .  T h e  t o t a l  e n € r g y  [ 2 4 ]  s t o r e d  i n  t h . : . l c c r r o m a g n e t i c  f i e l d ,  i n  S . l .
, i t s ,  i s  1 2 4 1 ,

U n =  l t o E X + E  P + q t a d r u p o l f  r ( , r n i ,

t , 5  F o t t ' ( d ! . !  
i  E . B  c n !  E  . N . B . t , I d . t d ,

Iro

:  t h e  a b s e n c e  o f  m a g n e t i z a r i o n  ( n  = o ) .  u s  d e p e n d s  o n l v  o n  a ,  r h e  m a g n e t i c
n s i t y  o f  t h e  f i e l d ;  a n d  o n  ! ,  i t s  c l e c t r r <  t l e I d  s t r e n g r h  ( v o l r  m _ L ) .

i ( . rgy  . t "  in  f ree  space is  there fore ,

( 1 e )

f l u x
Th.
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I t  i s  s e e n  f r o m  E q .  ( 1 9 )  t h a t  r h e  e n e r g v  s t o r e d  i n  t h e  c l e c t r o m a g n e r i ' :  f i c l d  i n

the  pr€sence o f  mat fe r  d€pcnds a lso  on  ü ,  bn t  no t  on  P Maqnet iza t io t l  con t r ib -

uaes  to  r .L  in  t l le  p res . t .e  a f  na t te r '

' ,  r t  .  a  n a 9 n c t  i " a t  i o t t  \ / t t i . h  i s  e x p c r i n c ! 1 ' d l  l y  . b . e r v . b l e .
T h i s  i s  a n  i m p o r t a n t  r e s u l L ,  b e c a u s e  i t  i s  w e l L  k n o \ r n  t 2 6 l  t h a t  t h e  P l a n . k

| t i a t i o n  l a v  i s  d e r i v e d  ( f o r  e x a m p l e  B o s e  t 2 l l )  o n  t h e  E r o u n d s  t h a t  t h e r e  a r e
, , l v  t r o  p h o t o r  p o l a r i z a t t a n s ,  b o t h  b e j . n g  t r r n s v c r s c ,  i . . .  L e f t  a n d  r i g h L

r . L i l a r .  T h i s  L a a  i s  o b e y e d  p r e c i s e l y  b y  e x p e r i m e  r a l  d a t a ,  a n d  o n  t h e s e

. . l , i . r lmenta1  grounds,  i t  i s  ev ident  tha t  t l (3 )  and r lß )  iD  .onrb ina t ion  do  no t

, l t r i b u t e  t o  t h e  P l a n c k  1 a w .  I n  o t h e r  w o r d s ,  o n . x p e r i m .  t a l  g r o u n d s ,  U ( ' )  i s

,  r ( ,  U s i n g  E q .  ( 2 2 )  r h i s  r e s u l t  i s  s a t i s f l e d  i f  i t  i s  a s s u m e d  L h a t  E ( . )  i s  a )
L isc  independent ;  b )  pure  imag jnary ,

(26>

t  h i .  r e a l  a ( , )  i s

a s  I  o l  l o w s .  I t  i  s

usl t ree spaceJ 
,1a 

l+eul  r ' (  20 )

(2r)

<25)

u e  n o w  c o n s i d e r  t h e  r o l e  o f  r h e  f i e l d  B { t  i n  E q s  ( 1 9 )  t o  ( 2 1 )  '  I n  o r d e r  t o

p r o c e e d  i t  i s  f i r s t  n e c € s s a r y  L o  c o n s i d c r  w h e t h e r  r ß )  i s  a c c o m p a n i e d  b y  a

l o n g i t u d i n a l  e L e c t r i c  c o m p o n e n l ,  t ( t ,  w h i c h  w e  s h a l I  a s s e r t  t o  b e  c o m P l e x  i n

genärar  ( i .e .  to  have a  rea l  and imag inarv  par t  in  8enera1,  as  fo r  Lhe t ransverse

i o r p " " " " t " l .  F r o m  E q s .  ( 2 0 )  a n d  ( 1 5 ) ,  b o i h  u .  a n d  n  i n  f r e e  s p a c e  w o u l d  t h e n

a e p e n a  o n  b o t h  . B ( r )  a t d  t { r .  A t  f i r s t  . i 8 , h l  .  t h e r e f o r e ,  i t  a p p e a r s  t h a t  t h e r e

r o u l o  o e  -  l o n a i r u d r ' , a L  . o n r r i b u l  i u n  r o  r "  i n  |  ' a  s P u ' F

L ü s  '  \ u s - u : :  i f r e e  s r ) a . e ) )  -  ? N D ' u o Y r '

o ( ' )  = L / "  ( f r e e  s p a c e ,  l o n g i t u d i n : r l )  ?  1 ! ( ' )  8 ( 1 ) + € 0 8 ( 3 )  E ( 1 ) ' ( 2 2  )

H o w e v e r ,  s i n c e  a { t  i s  P a r a L l e l  ! o  ! { 1 )  t h '  l o n g i t u d i n a l  c o n t r i b r r l i o n  t o  t h e

P o F t i n g  v e c t o r  i n  f r € e  s p a c e  i s  z e r o '

x ( r )  ( f r e e  s p a c e ,  I o n g i r t r d i r ü 1 )  l  t { t ) x a ( t )  =  o (23)

T h e  l o n g i t u d i n a l  e l c c l r o m a g n e t i c  p o \ , c r  p " r  r n r i t  r r e a ,  o r  f l u x  o f  l o n e i t u d i n a l

e l e c t r : o n a g n e t i c  e n e r g y ,  i s  z € r o  F r o m  n q  (  1 5 )

a ü t i )
a t

(24 )

a n d  t h . r e f o r c  r { r . a i 3 '  a n d  ! ( r ) . 8 ( ! )  m u s (  b .  i n ( l r p . n d c n t  o l  t i m e .  A  p o s s i b l e

s o l u t i o n  o f  [ q .  ( 2 4 )  i s  ü 1 r ) : 0 ,  i n  v h i c h  ' a s c  r h ' r '  i s  n o  f r e e  s p a c e  l o n g l t u d i -

n a l  e l e c t r o m a g n . t  i ( :  e n € r g y  d e n s i t v ,  o r  f r e e  s p a "  ' l ' c t r o m a g n c r i c  
- p o w e r  P e r  u n l t

w o l u m e .  t n  i h i s  c a s e ,  t h e  l o n g i t ü d i n a l  ( : n e r g v  s r o r c d  i n  t h e  c l e c t r o m a g n e t i c

f ie ld  in  the  prc 'scn( :e  o f  mat te t  becodes pur ' l v  xF l l ' r ' t i '  iD  na 'u re  From Eq

( 2 1 ) ,

u G )  -  L 8 ( t , t ( ! )  * € o i E ( ! ) . i t ß )  o ,

r r l h  j a ( t  :  j a 1 0 ) t .  E ( 0 )  =  c s ( 0 )  ) .
' a  r h o r a  f ^ ,  - ( c , , '  i , i o  r l , . l

, .ompani€d by an imaainary i t (1)?
One ansver is  to use a form of  the Lorentz l - .mf la l2t l

g o = E + E t t , ,  8 o - B + A ( 3 \ ( 2 t \

, . r e  . &  a n d  a  a r €  t h e  t r a n s v e r s e  e l e c t r o m a g n e r i .  { r v . s .  
' l h e  

p h a s e  i r n i . p . n ( l . n t

a r ' r  i s  r e a l  ä n d  v e  a s s u n e  o n l y  t h a t  t t t  i c  i n  t . n . . a l  c o m p l e x .  U s i r ) g  r h .
t o r  i d e n t i t i e s ,

V  ( r d x r d )  =  V . ( ! i 8 )  + V - ( t x s ß ) )  + V . ( a o ) x s )  + v . ( E ( 3 ) x ! r r ) ) ,  ( 2 8 )

u. ( r '  =  _2 ! t ( t ) ,a ( t )  +  P l I l ( ! )  
. x (3 )

whcre  f { ' )  i s  the  magnet iza t ion  due to  !G '

We see tha t  ev ; '  i f  rhe  f ree  sPace lonEi tud ina i  e lec t ronaAnet ic  enerBv

dens l ty  i s  zero ,  the  f re ld  B t ' t  can  s t i l l  cause n ta |ne t iza t ion  Yß)  j ' n  üa ter ia l

V  ( E , a ( r ) )  =  a ß , . ( V \ a )  ! . ( v i a o ) t ,

( l  the Mäx\re l l  equat ion,

o"" = - 3?,

V x a ( t  =  o ,

to th€ fo11o' ing form of  lhe Lorentz Lemrna 1281,

( 2 9  )

( 3 0 )

( 3 1  )
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f r o n  v h i c h  i t  c a n  b e  s c e n  t h a t  t h c  . o n t r i b ü t i o n s  o I  t h e  p r o d u ' t s  B t r ' a  a n d

8 ( 1 )  E  l o  (  I e c t r : o n a g n e t i c  e n . : r g y  d e n s i r v  i r r  I r ( r e  s p a c e  i s  z e r o  T h i s  i s  o f

c o u r s e  c o n s i s t c n t  w i t h  L h e  f a c t  t h a l  8 ( 1 )  i s  o r t h o g o n a l  t o  a ,  a n d  F r r )  i s

o r t h o g o n a l  t o  a .  F u r t h e r m o r e ,  i n t e ! , r a r  i n l ]  l ] t 1  ( L ' r )  o v e r  a l l  s P a c e  a n d  ü s i n g

t h e  D i  v c r t e n . e  r h e o r e m ,

f ( s : r ( r )  a i r )  , s )  . , J r  1 r ,

w h i . h  i m p l i € : s  t h a t  t h e  i n t e g r a n d  i s  z . r o .  l . r k r n l l  t h e  - B o )  a n d  ! ( 1 )  c o n p o n e n t s ,

me Photomagßetorl and Quantum FieA Theory

<32)

( 3 3 )

( 3 5 )

( 3 6 )
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i , r (  t i z a t i o n  f t t .  F r : o m  t h e  L i e  a l g e b r a  ( 8 )  t h e  s o u r c e  o t  a t t  i s  t h e  s a m c  a s

: , o u r c e  o f  a { 1 )  a n d  r o )  a n d  i t  i s  i n c o r r c c t  t o  a s s e r I  r h ä t  , 8 ( t  v a n i s h e .

, , r s e  i t  h a s  C l e a r l y  i f  l ( 3 )  v a n i s h e d  t h . n  f r o m  E q s .  ( 8 )  s o  w o u l d  a r r r

B t : )  ,  L e a v l n g  n o  e l e c t r : o m a g n e r i s ß .  T h i s  r e s u l  t  . l c p e n d s  l o g i c a l l y  o n  t h € r e

' .  v s  b e i n g  r J 1 0 )  ,  b u t  i f  4 1 0 )  n c r .  z . r o ,  t h c n  t h e r e  r o u l d  b e  n o

l o n g i t u d i n a l  m a g n e t i c  c o m p o n e n t s ,  i . e .  i o  e l e c t r o m a t n e t i s m .

,Je  no ! ,  tu rn  our  a t ten t ion  to  rhc  in te rpr . ra l  i ( ) ' i  ( ) l  Er3)  and iEr3 '  in  the
, i  q u a n t u m  t h e o r y "  [ 2 9 ] .

( i n . e  l t t  a n d  i ! 1 1 '  a r e  i n c l c p e n d c n t  o f  f r e q , r . . r . y  t l ( . y  d o  n o t  . o n t r i b u t e

r t , c  e n e r g y  d e n s i t v  o f  r a d i a t i o n  p e r  u n i t  v o l ü ß (  i n  I  h ( ,  ( ) 1 ( i  q u a n t u m  t h e o r y ,
'  t h c v  d o  n o t  c o n t r i b u t e  t o  t h €  P l a n c k  d i s t r i b u l i o r ) ,  t h .  ! i ( , n  1 r \ ' .  o r  S t e f f a n

L r z m a n r r  ] a  ,  b a c a u s c  t h e  f r e q u e n c y  ( ! )  a s s o c i a t e d  v i l l )  r o )  ; , r r l  i E t ' )  i s  ? . r o

r t , . s e  l a n s .  T h i s  c o r r e s p o n d s  r o  t h e  f a c t  t h a t  I  h f  l h l r r  l l i a ' ,  (  n . r t v  d e n s i t y

, . .  s p a c c  i s  z e r o  f o r  l ß '  a n d  j a ( 1 )  c o n b i n e d .  a s  w .  l r t r v {  i f | , , { , ( 1 .  d . s p i t e  t h e

r  t h a t  ! ( t  a n d  i t ( 3 )  a r e  n o n  z e r o  f r o m  t h e  L i .  a l l t ! l ) r . ,  ( l l )  , r r ( l  I  h .  L o r . n t z

. o , r  ( 3 2 ) .  i n  t h e  o 1 d  q u a n t u m  t h e o r y  t h j s  i s  c o n s i s l r , n t  u i l h  r h r  1 : r . r  r l i : , 1  t h .

, , ( k  1 a w  c a n  b e  d e r i v e d  [ 3 0  ]  f r o m  B o s c  s t a r i s t i c s  \ r i r h  r 1 , .  f r r r l 1 ) '  l r  ] ( t  ,  o ' t s r , ! ' t

l l i e  o n l y  c o n s t r a i n t .  1 n  t h e  o l d  q u a n t u m  t h . o r !  t h .  . n . . 9 )  i . ,  ' l r r i ( r l v

r i , , r t i o n a l  t o  f r € q u e n c y ,  a n d  i f  t h e  I a t t e r  i s : . i r o ,  r h c n  s ( )  i s  r l , (  ( ' , t  ' f . y
, . ' : i  o r i S i n a L  p a p e r ,  r e v i e \ t e d  b y  P a i s  [ 2 9 ]  i n t r ( x 1 , , ( : ( . s  r h .  t h ! r m a l  ( 1 { l r i l i l ) r  i , r t r i

.  
" r  

m a s s l e s s  p a r t r c l e s  s i t h  t w o  s t a t e s  o f  p o l r r l : 1 i l  i o n .  l h i s  p , , p ( r  i s  l l ! '
'  |  f l e n t i o n  o f  a  p a r t i c l e  w i t h  t v o  s t a r e s  o f  p o L ; . r i , . ; , r  i . n ,  a n d  h i s

, f  r h e  P L a n . k  L a u  r e p l a c e s  t h e  c o u n t i n g  o f  . l f . t r { ) D a 8 n . t i c  s ä v .  j ' ( . ( I , , ( | , (  i ( : i

r l .  r u u n t i n g  o f  c e l l s  i n  o n e  p a r t i c L e  p h a s e  : r p i . (  l h .  o n e  p a r t i . l { .  I , l r , : i (
{  c l e m e n t  d x d p  i s  i n L e g r a r e d  o v e r  t h e  v o l u m .  I  i n ( l  ( ) \ ' . r  a l L  m o n e n t a  b . r w (  l

, r ( l  p  +  d p  1 2 9 ) .  A  f u r t h e r  f a . t a r  2  i s  o '  r r t , i , l r r { 1  r o  . o u n t  p o l a r i r l r  r , ) r r ;
r l  l 1 c  t h e n  a p p l l e s  t h e  p h o r o n  n o m e n t t L m  I  o r  m L r l , r  1 ,  -  b  /  c  t o  o b t a j  r r  I  1 , , ,

' , L r l t i p l i e r  i n  t h e  P l a n c k  f o r m u l a  T h i s  i s  l } l .  s . , r r c e  o f  t h e  p r c s c n l  <  v
r L . n s  t h a t  t h e  p h o t o n  h ä s  t v o  h e l i c i t i e s  a n d  i s  I n . : i : ; l . s s .  A s  e x p L a i r r e d  b v  t ' : t i s

.  t s o s e  i n t r o d u c e d  t h e  t a c r o r  2  f o r  p o l a r i z . , r  i ( ) , i  l r ' ( : a ü s e  i t  s e e D . . l  t o  b e  n
, j r e m e n t  f o r  h i s  m e t h o d  t o  p r o d u c e  t h e  ! l a i , . k  l , , s  A  f a c t o r  d i f f c r e n l  l r o n r
, , 1 c 1  n o t  g i v c  t h e  k n o m  P L a n c k  c o n s t a n t  h .  A r  r l r r r  r i D c ,  ( 1 9 2 4 ) .  t h e  n o t i o n

,  t . r r r i c l .  ! i t h  l w o  s t a t e s  o f  p o l a r i z a t i o n  s r s  , , n t , r { , c e d e n t e d ,  a n d  r e n a j n s
,  e  r o  r h l s  d a y ,  b e c a u s e  l r q l  t h e r e  i s  n o  r . : ; t  l r r m .  d . f i n i L i o n  o f  s p i n  1 ( , r

r r s s L e s s  p h o t o n ,  a n d  g a u g e  i n v a r i a n c e  r e n d ( . r s  a n r l ) i a , , o u s  i 2 9 I  t h e  d i s t i n c t j o n

! , ( . , n  o r b i t a L  a n d  i n t r i n s i c  s p i n .  T h e s e  w e l l  k n o v r . t i f f i c u l t - i e s  a r e  d i s . u s s ( ( i
-  i n . l u d e  t h (  l o s : i  . l  I n a n i f e s t  c o v a r r a n c .  r r r

' r r o m a g n e t : i c  t h e o r y  i l . 3  I  b a s e d  o n  t h e  f o r l r  t o r ( , n r  i a l  Ä r .

l { )  r n t r o d u c r n a ,  a s  i n  r h l s  p a p e r .  t h e  M a \ w . l l r . n  ! ( r )  a n d  i E { r '  i t  b e c o m ( : ;
'  r . r ' e l )  c l e a r  r h a t  t h e  p h o t o n  a s  d e f i n e d  b v  l l o s (  1 2 7 ,  2 9 1  c a n  h a v e  r h r e .

l i z a t i o n s ,  w i t h o t l t  . l n n g i n q  t h e  P l a r ) c l r  / , r ,  b e . a u s e  t h e r e  i s  n o  f i . - i ( l

t i r ( n c y !  e n e f g y  o r  l i n e a r  n o m e n t m  a s s o c j a r . t  w l r h  t h c  L o n g l t u d i n a l  ( t h i r d

, .  6 f '  n 6 l : r i 7 : r i 6 n  s i m i l : r  c o n c l u s j o n s  h o l d  f o r  t h e  W i e n  a n d  S t e f f a l
r  r m a n n  l a v s ,  a n d  f o r  t h e  R a y L e i g h - E i n s t € i n  J c a n s  L a v .  S i m i l a r l y  € q u i p a r t i t i o n

,  ( ) t  d i s r u r b e d  b y  t h e  e x i s t e n c e  o f  r r '  a n d  i a ( 3 ) ,  a n d  n e i t h e r  a r c  t h . l

V  ( r s x a ( 3 ) )  V  ( t ( r ) : a )

T h i s  c a n  b e  r .  e n p r e s s e d ,  L l s i n g  t h e  M a x w e L l  c t l ü a t i o n s '  a s

r o ) .  q9. ,i'''' .17 .,

8 r 1 )  x !  ( r )  ,  E r r ) , A r 1 )

a n d  f o r  t h e  ! ( 1 )  : , r i { l  E ' ' 1 )  c o m p o n e n t s ,

E r : r  ̂ A r ! r  E r r r  .  B r r )

U s i n g  t h c  t r r r i : : \ , ,  r ' ! , .  : r o l u t i o n s  i n  c i r c ! l r r  | ( ) l r l r  i i . r l i o r r '  I l q s  ( 4 ) ,  i t  f o l l o \ ' / s

L h a t  i I  ! ß )  i , i  , (  , 1 .  t h c n  i t  i s  a c c o m p a r r i . ( l  l ^  . r ' r  i o r l l i r r i r v  t ! r r )

1 / r i s  r s  ( , ) , , . f  r r r d r r  v i t h  e x p e r i n e n t a l  t t . l  , t  ' t t  I l \ '  1 ' l t l t t k  t d d i r t i a ü  l a v

t n , r r i ! i l l t : , 1  l l l i s  r e s u l t  r i e  h a v e  a s s l r m f ( l  o n l Y  l h r l  r i r t  l o r r l l i t u d i n a l  a o )

i s  a c c o m p r r r i ( ( l  l ) !  , 1 r r  i : ; s u m e d  c o m p l e x  l o n g i l u ( l i , r r i l  ' l ' ( : r r ' j ( :  l i ' l ( l  t n d  h a v e  s h o w n

t h a t  t h i s  m ü s l  L (  1 l i { ' i m a g i n a r y  a n d  p h a s e  i t t r l . | . n d o I t  J l ß '  J h i s  i s  c o n s r s r e n t

v i t h  t h e  f a . t  l l t r l  l l l r s .  ' L d e p e n d e  t n ä g n e t i ( r  f l l l ( r : ;  d u '  l o  ( : i r c u l a r l y  P o l a r i z e d

l i g h t  h a v c  b ( . r  r ( ' t o r l . . t ,  a n d  h a v e  b e € n  p r e d i . t c l l  / 4  j r t  l ' r r m s  o f  t h e  c o n j u g a L e

p r o d u c t .  1 h . r . . r t P . a r  l o  b e  n o  s ü c h  e l e c l r i .  . o r r r r l {  r p a r L s  S i r c e  i l ( 3 }  i s

i . r " g i n a . y ,  i r  l , r : ;  I r  r c a l  p a r t  i n  M a x w e L l ' s  l l t . o f !  o l  l i ! l l ) r  a n d  t h e ' P r o r e  h a s  n o

p h y i i c a f  e t l e . : t s  A l  I  t h i s  i s  f u r t h e r  c o n s i s r ' n l  v i t h  l h o  f a c t  t h a t  t h e  e n e r g y

s t o r e d  i n  t h ( ,  r l . . l r o n r a g n e t i c  i i e L d  i n  [ . ]  ( , ) )  i s  m a g r ] e t r c  r t r  n a r _ u r €  n o c

T h e  m a i n  r . s u l t  o f  t h i s  s e c t i o n  i s  t h a t  l h " l r s s i c a l  P o y n t i n g  t h e o r e m  i n

f r e e  s p a c € ,  E q .  ( 1 5 ) ,  i s  u n c h a n g e d  b v  t h e  e a i s r ( ' ' i ( : '  o i  ' B o )  a n d  r ' l ' '  T h e s e

f ie lds  do  no t  upset  the  P lanck  r :ad ia l ion  Iaw a l id  do  no t  con t r :ad i ' t  c lass ica l

conserva t ion  o f  €nergy  in  f ie ld  mat te r  i rn :e rac t io l r '  p rov ided t l \a t  there  is  a
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s p e c t r o s c o p i c  r u L e s  o f  p h o t o n  a b s o r p t i o n ,  e m i s s i o n ,  t h e  E i n s t e i n  A  a n d  B

c o e f f i c i e n t s .  a n d  s o  f o r t h .  N e w e r t h e l e s s ,  a s  w e  b a v e  a r g u e d ,  a ( ' )  s t i  L L  a c t s  a s

a  m a g n € r i c  f i e l d  c a p a b L e  o f  p r o d u c i n g  m a g  e t i z a t i o n  a n d  t h e  e f f e c t  u h i . h  i s  r h e

näin subject  of  th is paper,  the opt ical  Faraday cf fect  obserwed by Sanford er .

a 1 .  I r l .  
T h e  i n t r . o d u . t i o n  o f  a ( 3 )  a n d  t a r ' '  m a k e s  p o s s i b l e  r h e  f u r t h e r :  i n p o r t a n t

d e v e l o p m e n t  t h a t  t h e  p h o L o n  c a n  b e  m a s s i v e ,  a  r e c u r r i n g  t h e m e  1 3 1 ,  3 2 1  s i n c e  t h e

days of  Cavendish.  A photon mass (however t iny)  vould imnediately aLlow three
d e g r e e s  o f  p h o t o n  p o l a r i z a t i o n ,  a n d  i r  h a s  b e e n  p r o p o s e d  r e c e n t l y  [ ] 3 1  t h a t
f in i te photon mass necd not  upsct  gauge jnvar iancc and the important  contemporary
vork on uDif led f ie ld theory.

In rhe new quantum theory th€ s i tuat ion is  changed s l ight ly  b€cause the
Planck di  s t r ibut ion is  changed by the exi  stence of  rest  energy L 14l  ,  vhi  ch

emerges f ron Schrödinger 's  equat ion for  thc harmonic osci l la tor ,  a standard
textbook problem vi th in the tenets of  th. ,  ne\ t  quantun theory.  This rest  energy
i s  c a r r i e d  o v e r  t 3 5 l  i n t o  c o n t e m p o r a r y  p h o t o n i c s ,  a r d  i s  t h € r e f o r e  a s s o c i a t e d
with the t radi t ional  t ransverse photon polar izat ions,  or  lef t  and r ight  Photon
s p i n .  I n  t h e  c o n t e m p o r a r y  t h e o r y  [ 3 6 ]  i t  ] r a s  b e e n  s h o m  [ 6 ]  t h a t  t h e  a ( 3 ]  f i e l d
becomes an operator  d i recr ly  pr :oport ional  to the pholon anSular  nomentum through

rhe a negat ive ampl i tude B{o) ,

Iheory of the Opticol Fara&ry ElIect

i !  r o n s t r a t e  f r o n  f i r s t  p r i n c i p l e s  t h e  u s €  o f  B o )  i n  t h e  o n e  e l e c t r o n  i n v { : r s e

, r r d a y  e f f e c r ,  l h e  s i m p l e s t  p o s s i b l e  c a s e .  I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t

,  l c r i  l38 l  has  recent ly  descr ibed a  nove l  approach to  th€  päradoxes  o f  rhe  nev

L , , , i t @  r h e o r y  b y  i n w o k i n g  t h e  d o u b l e  s l i t  e x p e r i m e n r .  T n  S e l L e r i ' s  v i e v  [ 3 8 ]
, , l i a t ion  has  a  corpuscu la r  and undu la to ry  na ture ,  tbe  fo rmer  be ing ,  Loose ly

l , , .ak ing ,  th€  photon ,  and the  la t te r  the  i ie1d .  The corpuscu la r  component

L , r ies  en€rgy  and l inear  nonentumi  fo r  one photon  h !  and n ! /d  respec t : i ve ly ;
'  par r i cu la te  in  na ture  and can pass  th rough on ly  one s l i t  a t  ä  r ime The

r i tu la to ry  component  can pass  th rough bo th  s l i t s  s imu l taneousLy  i f  bo th  a re  open

, i s  m e a n s  { : l 8 l  t h a t  t h e r e  c a n  e x i s t  " e m p t y  v a v e s " .  t h i . h  h a v e  n o  e n e r g Y  o r

, ,ear  monentun ,  and canno!  be  observed d i rec t l y .  The i r  phYs ica l  rea l i t y  may

, , r e r h e l e s s  b e  v e r i f i e d  e x p e r i m e n t a L l y  [ ] 8 1 ,  b u t  i n d i r e . t l y  [ : ] 9 1 .  T h e  r ( 3 )  a n d  i E { '
' r (  l d s  g e n e r a t e  n o  { a x w e l l i a n  € l e c t r o m a g n e t i c  e n e r g v  d e n s i t v  b y  d i n t  o f  E q  ( 2 6 ) ,

' , i l  t h e i r  v a v e l e n g t h  i s  i n f i n i t e  ( n o r e  a c c u r a t e l y  t h e  r a d i u s  o f  t h e  u n i v e r s e ) ,

, ,  t h a t  r h e i r  v a v e n m b e r  i s  z e r o .  N o n e t h e l e s s ,  l ( 1 ) ,  b e i n S  a  r e a l  m a g n e t i c

i , . 1 d ,  c a n  i n f L u € n c €  m a t t e r  a s  i n  t h e  o p t i c a l  l . r r a d a y  e f f e . t  I  I  I f  t h c  p h o t o n

,  p r o p o s e d  o r l g i n a l l y  b y  E i n s t e i n  [ 4 0 ] ,  i s  t o  b e  r € a a r ( l c d  ^ s  a  u n j t  o t  r a d i a t i o n

, , ,  rgy  (and l inear  momentum)  ,  then the  c lass ica l  ! (3 )  and i t r ' )  adc l  nörh ing  to

rs  energy-  There fore  they  add no th ing  to  the  P lanck  law.  as  'e  havc  ar l , led  The

, r l i t y  o f  t h e  M a x w e l l i a n  ! ( 1 )  t o  r n a g n e t i z e  h a s  h e t , n  i n t e r p r e r e d  i n  t h .  n . v

, , , n t u m  t h e o r y  { 6 1  a s  r h e  6 ß r  o p e r a t o r ,  p r o p o r t i o n a l  t o  L h . :  p h o t o D ' s , , ) t r ' l a r

f f . n t u m  i .  I f  t h e  p h o t o n  h a s  f i n i t e  r e s t  m a s s  i l s  r n S o l a r  m o m € n t a  a r e  + h ,  u

, ( l  l r .  I t  i s  i n t e r : e s t i n g  t o  t h i n k  o f  B l r )  i n  S e l l c r i ' s  r h e o r y  l 3 8 l  h n s  h a v i n S

, , n  f o r n e a t  f r o n  t h e  c o r p u s c u l s r  i  b y  n u l t l p l i c a t i o t r  b y  t h e  s c a l a r  8 1 " )

F o r  t h e s e  r e t e r  t o  E t 3 )  a s  r l ) .  i ' i .  . r t l r r y  [ 6 ]  l o n q i t t d i n e l

, l tDer i . :  f lux  dens i ty  a t  one phoron.

S i n c e  t h e  c l a s s i c a l  ! o )  a n d  i t { t  a r : e  s t a l . s r  ( ) l  t h e  e l e c t r o m a g n e t i c  f i e l d

l . L t  c o r r e s p o n d  r o  z e r o  f r e q u e n c y ,  !  =  o ,  n o t  I  p o s i l i v .  d e l i n i t €  f r e q u e n . Y  v ,

, i t r l  zero  r ravevec tor ,  they  cannot  be  absorbed Lv  ; r r r  a tom wi rh  ener8y  leve ls

,  ,  t - .  Th is  i s  because

( 3 e )

öJ
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an equat ion  vh ich  obv ious ly  i ,  i ,  . r r . i  i  symmet r ies  as  requ i red .  The

c l a s s i c a l  a ß )  i "  t h e n  s i m p l y  t h e  e x p e c L a l i o n  v a l u e  o f  t h e  o p e r a t o r  d " )  -  l n  c h e

n e w  q u a n t u m  r h c o r y  t h e r e f o r e ,  e n e r g y  c o n s . r v . t  j o  i s  a P , a i n  s a t i s f i e d ,  a n d  E q .

( 3 7 )  h ä s  t h e  a d v a n t a g e  o f  a l l o v i n g  a  c l e a r  n o d  l n a m b i t u o u s  p h y s i c a L  i ü t e r p r e t a -

t i o n  o f  i o r  a s  a n  o p e r a t o r  w i t h  a l l  t h e  p r o p e r r i . s  o l  p h o t o n  a n g u L a r  m o m e n t u m .

T h e r e f o r e  6 1 ' r  p r o p a g a t e s  l r i t h  t b e  p h o t o n  l n  t h c  ! x i s  o f  p r o p a g a t i o n ,  a b o u t  s h i c h

t h e r e  i s  a n g ü l a r  m o m e n t u n  i  f o r  o n e  p h o l o r ' .  | o .  o n e  P h o t o n ,  t h e r e f o r e ,  t h e

e r p e c t a t i o n  v a l u .  f o r  i / i  i s  t h e  c l a s s i c a l  r x i a l  ! n i t  v c c L ö r  r  i n  t h e

p r : o p a S a t i o n  a x i s  Z  o f  t h e  p h o t o n  a n d  v e  r e c o v . r  l l , . . l a s s i c a l  e q u a t i o n ,

B( ! ,  = (8 . )  = , , " .  ( u , ; : i i , " ) , ( 3 8 )

w h i c h  i s  i d e n t i . Ä l  w i t h  E q .  ( 8 a ) -  T h i s  a n s w e r s  r h .  f u n d a m e n t a l  q u e s t i o n s  o f  n h y

. "n  -6 ( ' )  p rop"g" t .  when i t  has  no  f requency  dcpcndcn( :e ,  and what  i s  i t s  source

The ansvers  in  bo th  cases  are  the  same as  fo r  the  ansu la r  motnentun  I  o t  one

I t  i s  q u i t e  i m p o s s j b l e  t o  a s s e r t  t h a t  i [ )  i s  z e r o  l f  v e  a c c e p t  t h e  n o t i o n

tha t  l igh t  in tens l ty  can have an  an t isymnet r ic  component .  The La t le r  has  Long

beeü accepted  as  a  Phys ica l l y  mean ing fu l  concept ,  and is  the  t rad i t iona l

e x p L a n a r i o n  f o r  t h e  i n v e r s e  F a r a d a y  e f f e c t  [ 3 / ] .  I n  t h e  n e x t  s e c t i o n  w e

i  lhe  quantun  theory ,  and i f  v  =  o ,  a ,  =  t "  l l t  energy  o f  one photon  is  l rv ;

, , ,  l i n e a r  m o n e n t u m  i s  n \ , / c l  h o w e v e r ,  i t s  a n A u L a r  m o m ( , n t u m  i s  I ,  a n d  t h e  l a t t e r

J  requency  independent  .  I t s  angu lar  enera t  i : i  how. 'v€r  ro  =  l rv .  The on lv

, . , , , t i t y  f r o n  t h e s e  f o u r  t h a t  i s  n o  z e r o  f o r  o )  2 r v  =  o  i s  t h e  p h o t o n ' s  a n g u l a r

. t u , n t u m  h ,  t o  w h i c h  6 ( ' )  1 s  d i r e c t l y  p r o p o r l j o n a l  ( B e c a u s e  o f  ?  a n d  i

, r n e t r i e s ,  l ( 3 )  c a n  b e  p r o p o r t i o n a l  t o  n e i t h e r  l i n . a r  n o r  a n g u l a r  n o m € n t u m  )  I t

our  cont€n t ion  in  th is  Paper  tha t  a l thor t8h  ! (3 )  tenera tes  no  Maxte l l ian

t . o t r o n a g n e t i c  e n e r S y d e n s i t y  i n  f r e e  s p a c e ,  b e c a u s e o f E q .  ( 2 6 ) ,  a n d a l r h o u g h  6 r r )
'  i \  no  quantun  en€rgy ,  i t  obs€rvab le  phys ica l  e f fec ts  one o f  these

'  t h e  o p t i c a l  I a r a d a y  e f f e c t  [ 1 ] ,  a n o t h e r  i s  t h e  i n v e r s e  F a r a d a y  e f f e c t  ( I F E ) .
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I l  i s  show in  the  nex t  sec t ion
w o u L d  d i s a p p e a r .  c o n t r ä d i c t - i n g

me Pholomagneton atul Quanlum Field Theory

t h a t  i f  r G )  t h e  I I i E  f o r  o n c  e l e c t r o n
e x p e r i n e n t a  I  e x p e r i  e n . e  L l 7 - ? 3 i

3 .  The lnver 'se  Faraday  Ef fec t  fo r  One E lec t ron

l r  i s  , . r l  t r o  h a '  l l , e  i n v p - .  p  |  , r " a , :  ,  t ' a . r  : s  F d g n F r  - s ,  i o n  b y
c i r c u l a r l y  p o L a r i z e d  l i g h t  [ 3 / ]  a n d  w a s  t i r s l  o b s c r v c d  c x p c r i m . n r a l l y  b y  v a n  d e r
Z i e l  e t .  e ]  .  l l T l  i n  m o l e c u r a r  L i q u i d s  a n d  d o p e d  t l a s s e s .  T h e  e f f e c t  w a s  f i r s t
o b s e r v e d  . x p e r i m e n t a l l y  i n  p L a s m a  b y  D . s c h a m r r s  € . .  a l  .  [ 1 8 1 .  I t s  i n f l u € n c e  o n
f e r r o m a g n e t i s n  h a s  b e e n  o b s e r v e d  b y  s a i , t o r d . r .  z l  l r l ,  ä n d  o n  c o n d u . t i v i t y  i n
p h t h a l o c y a n i n € s  b y  B a r r e t t  e t .  a l .  1 1 9 ) .  l t  i s  v e l l  e s r ä b L i s h e d  r h e o r e r i c a l l y ,

b u r  a l s a y s  i n  t e r m s  o f  t h e  c o n i u g a t e  p r o d u c i  a o ' x E ( , ) .  F o r  t h e  i n t e r a c t i o n  o f
l i g h t  r i t h  o n e  e L e c t r o n  i t  h a s  b e e n  d e s . r i b e d  b y  T n l i n  - . t .  a / .  I r 0 ] ,  w h o
cons idered the  angu lar  nomenlur i  o f  an  e l .c l  ron  dr iven  in  a  c i rcu la r  o rbr t  by  the
r o t J t i r g  e l e c t r i c  f i e l d  o f  r h e  l i g h t  b c a D .  l r r o n  r c l a t i v i s L i c  e l e c t r o d y n a m i c s

t h i s  a n f , u l a r  m o n e n L u m  i s  p r o p o r t i o n a l  t o  r h . , s q , E r e  o f  r h e  s c a l a r  a m p l i t u d e  I l ( 0 )
o f  t h e  e l e c t r i c  f i e l d  s t r e n g t h  i n  v o l t s  m ' .  l n  r h i s  s e c t i o n  i r  i s  s h o m  t h a r
t h e  b a s i c a l l y  i m p o r t a n t  r e s u l t s  o f  T a l  i n  { ' 1  .  r / .  / O l  c a n  b e  e x p r e s s e d  i n  t e r m s

o f  ! ( 1 ) ,  a n d  t h a t  i f  ! ( : )  L l ,  , j , r ,  r s .  f 3 r a d ä y  e f f e c t  w o u l d  v a n i s h ,
c o n t r : a r y  t o  e x p e r i c  c e  [ 1 /  2 3 ] .

F r : o n  f i r s t  p r i n . i p l e s ,  i L  i s  c l e a r  t h a t  l h c  e f f e c t  o f  t h e  r o t a t r n g  e l . c L r r c
f i e l d  o f  a  c i r c u l a r l y  p o l a r i z € d  p l a n .  v a v { , ,  ( l r i v i o g  a n  e l e c t r o n  a r o u n d  1 n  a

c i r c u l a r  o r b i t ,  i s  c n t i r e L y  e q u i v a l e n l  l o  t h . r l  o f  a  m a g n e t i c  f i e l d .  T h e
c i r c u l a r l y  p o l a r i z . d  b e a m  d r i w e s  t h e  . l e c r  f ( ) n  a r o u n ( ]  i n  a n  o r b i t  r d i t h  r a d i u s

t 2 0 1  ,

, .  - - ' i"

( / , 0 )

w h e r e  .  i s  t l ' .  . l , r r t e  o n  t h e  e l e c t r o n .  c  t h (  s f ( . d  o l  l i g h l  i n  v a c u o ,  B 1 o )  t h e

n a g n e t i c  f l r x  ( l d r . ; i r v  a m p l i t u d e  o f  t h e  l i r , h r  b ( r m .  n  1 l t r ,  c l . ( : t r o n  r e s t  m a s s ,  o

t h e  a n a u l . r  i r ( ( l ' , { n { y  o f  t h e  l i g h r ,  a n d  y  i s  r  r c l i l i r i s t i c  f a c r o r  \ r h i c h  i s

u n i t y  t o  a n  . x { r f l i . n l  a p p r o x i n a t i o n  a t ,  s a y .  v i : ; i b l { .  1 r { , { l u c n . i e s  a n d  i n t e . s i t i e s

o f  about  a  va1 I  p { . r  : i l l üa) 'e  cent imetc r .  lh .  t  r ins !c rs .  momentum o f  the  e lec t r :on

i s  g i v e n  f r o n  t h . : , . .  t j r s t  p r i n c i p l e s  a s

( 4 1 )

so tha t  i t s  angu lar  momentum is

r i . h  i s  p f o p o r : t i o n a l  t o  8 L r ) ' ? .  F i n a l l y ,  t h e  i n d u . c d  m a g n c L i c  d i p o l e  m o m e n L  i s

1 , ,  g v r o m a g n e t i c  r a t i o  m u l t i p l i e d  b y  t h e  a n g u l a r  ! b n r . : n l , r m ,

n -  =  L , r -  
- e  c 2 ,  o  1 " Ö r

2no zm, ia '
(43)
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,  , r  i .  Yo .  i s  the  in i t iaL  t ranswerse
l ,  I  ined  by  th€  Lorentz  equat ion ,

9191p,ut ,

^ ,

l i n e a r  v c l o . i r v : , i d  ( )
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( t ! 2 )

( h 4 )

i s  t h .  1 r . ( l ü e h . v

( 4 5 )

t h e  m a g n e t i c  f i e L d  A r .

( 4 6 )

( 4 t )

t h e  m a g n e t i c  f i e l d  a ,

i r (  m a g n e t i z a t i o n  i s ,  e v i d c n t l y ,  p r o p o r L i o n a l  t o  l h e  : i q u a r c  o l  a ß '  t h r o u S h  a  o n e

l , . . t r o n  h y p c r p o L a r i z a b i l i t y  r n d  i l l  t h i s  m e c h a n i s m .  t h (  I  r a d i r  i o , r . l  o n e  [ 2 0 1 .  i s

, t ) p o r t i o n a l  t o  t h e  i n t e n s i t y  o f  t h e  l i g h t  b e a m .  C l . , r l y .  i {  a r t  w e r c  z c r o .

r , ( . r  e  w o u l d  b e  n o  c f f e c L .

I L  i s  s h o p n  i n  t h i s  s e c t i o n  t h a t  r h e  a c t i o n  o {  a  r o l a r  i t i i t  . l f . l r i c  f i . l d .

,  r  l e s c r i b e d ,  i s  e n t r r e l )  e q u r v a l € n t  t o  t h a L  o t  ,  . r , 8 h (  l  i .  I  i c 1 d ,  l . a d i n l  t o

i i r s L  o r d e r  i n v e r s e  F a r a d a y  e f f e c t  n e d i a t e d  b y  l G ) ,  $ h i . l i  ( ' \ i s l : ;  i r  a d d i t i o r t

,  r h e  u s u a l  s € c o n d  o r d e r  n e c h a n i s m  j u s L  d e s c r j b ( a l .

C o n s i d e r  r h e  t e x t b o o k  p r o b l e m  o f  a n  e l e c t r o t r  j n  r  s l a t  i .  u r E t r . l  i ( i  i  i . l d  a ,

I ' ,  r a d i u s  o f  t h e  e l e c t r o n ' s  o r b i t  i s  [ 4 1 ]

; lD,l

L i s  a n g u L a r  f r e q u e n c y  i s  t h e  r a t i o  e / n o  m u l t i t ) 1 i . d  b y

!  t r a n s v e r s e  n o m e n r r r m  o f  t h e  e l e c t r o n  i s  [ 4 1 ] ,

i l  rhe anSular  momentum of

r ,  angular  nomentun ,z is
r i (  iEgnet ic d ipole noment

p, = er" lo. l ,

t h e  e l e c t r o n  i n  A ,  i s

L ,  =  e t : la ,  .

there fore  er " '  muLt  j  p t ied  by

induced by  a ,  i s  there fore
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(48 )

s h e r e  L h e  q u a n t i L y  i n  b r a c k e L s  i s  t h e  o r c  c l e c t r o n  s u s c e p t i b i l i t y
T h e  r e s u l t  ( 4 3 )  f o r  t h e  o n €  e l e c r r ^ n  F a r a d a y  e f f e c t  i s  t h e  t r a d i r i o n a l

t h e o r y  [ 2 0 ]  e x p r e s s e d  i n  t e r m s  o f  B t o r  a r t l  ( i  c  E r r r ? )  t h r o u g h  E q .  ( l ) .  I t  i s

s e c o n d  o r d e r  i n  t h e  m a g n e t i c  f l u x  d e n s i t y  a m p l i r u d e  o f  t h e  b e a m  ( B i n ) / .  H o u e v e r ,

because a ' '  is  non zero by Eq. ( r ) ,  änd has rhe t rn i ts  and symetry of  mägnet ic
f l u x  d e n s i t y  t h e r e  i s  a n  a d d i t i o n a l  f i r s t  o r d e r  i D v e r s e  F a r a d a y  e f f e c t ,  g i v e n  b y

E q .  ( 4 8 ) ,  w i t h  r ,  i d e n t i f i e d  a s  l ß , ,

( 49 )

' ' -  lä)t" . '

^ " '  .  ( " : ; ; ) " - '

F o r  ( )  a b o u t  1 0 "  r a d  s e c ' ;  a n d  f o r  a  f i r s t  o r ( 1 . r  e l c c t r o n  r a d i u s  o f  a b o u t  1 0  A
( 1 0 - "  m )  t h i s  i s ,  r o u g h l y

l r l - 1 0 , 6 1 ! | t ' l  r o  r ' / r  1 r ) , ( 5 r )

The magnet ic  d ipo le  nonent  induced by  th .  b .an  is  there fore  the  sum o f  f i r s t  and

s e c o n d  o r d e r  e f f e c t s ,

"  =  - [ : - : ' ) " , " - l  . '  '  ] , , " , , , ' ,
\  2n"  )  l  rn i . ,  J

a.,, = (se 1._ 
)a,',

(  50 )

F o r :  a  b e a m  i n t e n s i t y  o f  a b o u t  1 0 "  w a t t  m  r i  8 l i )  i s  a b o u t  o n .  t c s l a ,  a n d  t h e

s e c o n d  o r d e r  e f f e c t  1 s  t e n  t i m e s  b i g g e .  t i r a n  l h c  l i r s l  o r d . , r  o n e .  I t  v o u l d

appear  in  th is  cas . ,  lha t  there  vere  on ly  a  s . ( :o , rd  o rder  e f fec t  p res€nt ,  bu t  und€r

d i f f e r e n t  c o n d i t i o n s ,  t h e  f i r s t  o r d e r  e f f e . t  s h o r l l d  b e . o m e  v i s i b l c ,  s u p e r i m p o s e d

on the  s€cond order  induced d ipo le  nonenr  .  fh .  la t  te r  i s  p ropor t iona l  to  the

s q u a r e  r o o t  o f  l i g h t  i n t e n s l l y .  T h e r e t o r e  r h '  ' . m p l e r e  e f f e c t  r s  a  s u m  o f  ( 4 3 )

a n d  ( 4 9 ) ,  v h i c h  i s  t h e  c o n c l u s i o n  o f  t h i s  s c c l  i o n .

F r o m  E q .  ( 4 9 )  i l  i s  s e e n  L h a t  t h e  s . . ( n t  o r d e r  e f f e c t  c a n  b e  e x p r e s s e d

through an  "e f fe . t i ve"  maSnet ic  f ie ld  r .? ,  de f ined by

(52'

This €f fect ive magnet ic f ie ld is  rhat  is  usual ly  referred to in the l i teräture
o n  t h e  i n v e r s e  I ' a r a d a y  e f f e c t ,  a n d  w a s  f i r s t  m e n t i o n e d  i n  r e f e r e n c e s  ( 1 7 )  t o
( 2 3 ) .  T h e  p h y s i c a l  n a g n e t i c  f i e l d  a ( r  i s  a n  e l a m e n t a r y  f l e l d  c a r r i e d  b y  t h e
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tho ton  angu lar  momentum,  as  re  have argucd in  Sec .  2 .  I t  i s  c lear  tha t  the

i . v e r s e  F a r a d a y  e f f e c !  f o r  o n e  e l e c t r o n  d e p e n d s  o n  t ( 3 ' ,  h o w e v e r ,  a t

l i r s t  a n d  s e c o n d  o r d e r s ,  a n d  N o u l d  o b v i o u s l y  d i s a p p e a r  i f  r { ' )  w e r e  z e r o ,

t o n t r a r y  t o  o b s e r v ä t i o n  [ ] 7 - 2 3 1 .  I n  l i n e a r  p o l a r i z a t i o n ,  t h e  n . L  a o )  i s  z e r : o ,

l ) . c a u s c  t h e r e  i . 5 0 2  o f  * 9 , "  a n d  5 0 2  o f  a ( t  p r € r s € n t  i n  r h c  b e a m  s i n u L t a n e o n s

l v .  T h u s ,  n o  i n v e r s e  F a r a d a y  e f i e c t  i s  o b s e r v c d  j n  l i n e a r  p o L a r i z a t i o n ,  b u t

l n t e r e s t i n g L y ,  t l i e r e  i s  a n  i n v e r s e  C o t t o n  M o u t . o I i  u l f e c t  [ 4 2 ]  P r o p o r t i o n a l  t o

r { t  s q u a r e d ,  r h i . h  d o e s  n o t  v a n i s h  i n  l i n e a r  p o l a r l z a t i o ! .  } - r o m  E q .  ( l )  i t  i s

. i cen  tha t  !G)  i s  the  e lementary  un i t  o f  the  con juSat€  Produc t ,  and there for :e  o f

r h e  a n l i s y m m e t r i c  p a r t  o f  l i g h t  i n t € n s i t y  i n  t r e e  s p a c e  A s  a L w a Y s ,  r a d i a t i o n

l n , c o m e s  n a n i f e s t  o n l y  v h e n  i t  i n t e r : a c t s  t i t h  n a t t . r ,  ä r d  s j m i l a r l y  f a r  B t ' )

r ' r o m  E q .  ( 5 2 ) ,  i f  B ( t  d i d  n o t  e x i s t ,  t h e n  A . z  w o ü ] d  i l s o  v a r r i s h .  I n  s e r - t i n g

, L I )  L h e  e f l e c t  o f  E q .  ( 4 9 )  w e  h a v e  s i n p l y  a s s u m e d  t h a t  l h c  P h y s j . a l  m a t n e L i c  f i e l d

i . a u s e s  n a g n e t i z a t i o n  a t  f i r s t  o r d e r  t h r o u g h  a  o n c  (  l ( i . l  f o t ,  s u s . € , P f i b i l i t Y ,  i . € .

r h a t  8 ( 3 )  b e h a v e s  c l a s s i c a l l y  a s  a  n a g n e L i c  i i . l d .  l h i s  ; , I ) p e a r s  t o  r ) e

, . r s o n a b l c ,  b u t  s i n c c  8 ( ' )  i s  a  n o v e l  p r o p € r t y  o l  l i d , r ,  i t  i : ;  n o l  .  t e g u l a r

r a t n e t o s l a t i c  f i e 1 d ,  g e n e r a t e d ,  f o r  e x a m p l c ,  b y .  r o u n d  s o t . n o i d .  S i n c .  a L 1

n l l a n e t i c  f i e l d s  a r e  g o v e r n c d  c l a s s i c a ' l l y  b y  M a x N c l l ' s  e q u a t i o n s .  ü  e p p e a r s

r r a s o n a b l e  l o  a s s e r t  t h a t  r { t  h a s  a L l  t h e  p r o p ( : r t  i . : :  o f  m a g n e t i c  i l u x  d e n s i t y

l l  i s  i m p o r t a n t  t o  i n v e s t i g a t e  t h i s  f u r t h e r  b y . x p . r i m ( n t s  o n  m a S n e t i z a l j o n  b !

l i g h t ,  f o r  e x a n p l e  t h e  I F E ,  O F E ,  l i g h t  s h i f t s  r n ( l  ( ) f l  i . a l  N M R  a n d  I ; s R .

4 .  Ihe  F i rs t  Order  op t ica t  fa raday  Ef fec t  Du.  to  !c )

I n  l h i s  s e c t i o n  t h e  f i e l d  . B G ) ,  L o o k { d  u t , ( , ' r  . : i  u a x v e L l i a n  i n  n a t u r . ,  i s

, L : ; . d  t o  p r o p o s e  a  f i r s t  o r d e r  o p t i c a l  F ä r a d a y  f l i r . l  p r o p o r t i o n a l  t o  t h .  s q ' , t r ,

r ( ) o t  o f  p u n p  l a s e r  i r r t e n s i t y .  T h e  n e t h o d  u s r r l  i : ;  r r t  a d a p t a t l o n  o f  t h €  s e m i _

, l a s s i c a l  t h e o r y  o f  w o i n i a k ,  E v a n s  a n d  l r ä 8 n i a r ( '  I { )  l o r  t h e  i n v e r s €  r a r a d a y

, l t e c t .  T h e  f i e l d  A ( ' )  i s ,  a s  r r e  h a v e  a . 8 u ( ( i ,  r l , , '  ( ' r f e c t a t i o n  v a l u e  o f  t h e

, , p . r a t o r  6 1 t )  =  B r 0 ) i / n ,  r h i c h  i s  f o r  o n e  p h o t o i  l l , ,  . l ( m . n t a r y  p h o t o n a g D e t o . r ,  a n d

, , )  t h e  q u a n t u n  t h e o r y ,  6 r ' )  m u s t  b e  u s e d  a s  a n  o p (  f a l o f  ( l i r e c t l y  p r o p o r t i o n a l  t o

r l , e  a n g u l a r  r n o m e n t u m  o p e r a t o r .  P r o g r e s s  i n  l l , i : i  d i r . c t i o n  h a s  r e c e n t l y  l ) c c n

r i t i a t e d  i n  t h e  o p t i c a l  Z e e n a n  e f f e c t s  [ / r  j ,  4 4  ]  l l c r r r : t : f o r t h ,  t h e  f i e l d  ! ( 3 '  i s

( , i ' e r r e d  t o  a s  t h e  g h o s t  f i e l d  ( G e s p € n s t c f s l  r : , 1 , 1 ü n t )  b e c a u s c  i n  t h e  q u a n t u n r

l "  o r y  i r  i s  a s s o c i a t e d  w r t h  n o  e n c r E y  (  i J v  0  )  ,  a n d  n o  l  i n e a r  m o m c n l  u l l

t t t / c  =  o ) .  l l o v e v e r  i t  i s  a s s o c i a t e d  w i t h  1 1 , { '  n o n  z e r o  a n g u l a r  m o n e n t u n  h ,

l ) r o u g h  a h j c h  t h e  p h o t o n a g n e t o n  6 o )  l s  d e f i n e a  l h .  g h o s t  f i e l d  a { 3 )  i s  8 . , n . r

, r . d  b y  t h e  s p i n  o f  r h e  p h o t o n  t h r o u g h  B t ' )  -  a ^ i < i / - \ > ,  v h e r e  <  >  d . n o l .

,  r p e c t a t i o n  v ä ] u e .  T h e  a h o s t  f i € L d  i s  d c i  i l r e d  . l a s s i c a l l y  b y  E q .  ( 1 ) .  I h .

magnet ic  rave  f ie lds  r {1 )  and !o )  on  the  o ther  hand are  repres .n t . ,d

,  the  q l lan tum theory  w i th  f in i te  photon  cn . rgy  nv ,  because they  have f in i r .

l f . q u e n c y  v  i  a n d  w i t h  f i n i t e  p h o t o n  l i n e a r  m o m e n r u n  n ! / c .  E q u a t i o n  ( l  )  a s

i rp resentad  in  the  quantum theory  i s  there fore  a  re la t ion  be tween sp ins
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T h .  b a s i c  a s s u n p t i o n  o f  t h i s  s e c t i o n  i s  t h a t  t h e  g h o s t  f i e l d  8 i ' )  c a n  a c t

a s  a  c l a s s i c a l  m a S n e t i .  f i e l d ,  s o  l h a t  i t s  o v c r a l l  r : l t c c t  o n  a  F a r a d a y  r o t a t i o n

w o u l d  b .  t o  s h i f t  i t  u p r a r d s  o r  d o a n w a r d s  i n  t r e q u e n . v  w j t h o u t . h a n g l n g  i t s

b a n d s h a p e .  f t , j s  j s  $ h a t  i s  d e m o n s t r a r e d  [ l  I  i , '  S a ,  f o r d  . . .  r l  i  t h e i r  F i g u r e
( ? ) .  I t  w a s  s h o r l r  e x p e r i r n e n t a L l y  t h a t  t h . ,  d i s p l a c c m c n r  o f  t h ( '  s p e c t r : u m  e a s  t o
l o w c r  f r e q u c n c y  v h e n  r i g h t  c l r c u L a r l y  f o l . r r r  z " d  l i g h t  s ä s  u s e d  f r : o n  t h .  p u m p

l a s e r ;  a n d  v i . e  v e r s a .  c i r c u l ä r ] y  p o l a r i z . d  p u m f i n g  v a s  s h o u n  t o  b €  a n  o r d e r  o f
nagn i rud€ more  e f fcc t i ve  than unpoLar lzed  pumpjng .  These very  la rgc  l igh t

induced sh i f l s  o f  lhe  !a raday  specr rum around 1000 Dm wcre  observed w i th  a  sample
t h i c k n e s s  o f  o n l y  2 5  n i c r o n s ,  a n d  a  b e a m  j n t l n s i t y  o f  o n l y  0 .  /  v a t t s  p e r  s q u a r e
. . n t i m . t E r  l f  t h e  e h o s r  f i e l . t  i s  a  s t a n d a r d  M a x v e l l i a n  f i € l d  t h e  s t a n d a r d

I a r a d a y  e f f e . t  t h e o r y  l a 5 ]  c a n  b e  a d o p r . d  i o r  t h .  d c s c r i p L i o n  o f  t h e  o p t i c a l
F a r a d a y  e f f e c t .  T h i s  i m p l i e s  t h a r  t h e  a . A l .  o 1  f o i a l i o n  i n  a  l i n e a r l y  p o l a r i z e d
p r o b e  l a s e r  i s  (  i n  s . 1  .  u n i t s )  I 4 s  l  ,

Theory of the Optical Farudat Efecl

r , , r . ,  d e p e n d e n t  t e r o .  A s  t h e  t e n p e r a t u r e  i s  c h a n e e d  f r o m  7 8  K ,  h o a e v e r ,  v h e r e  t h .

I  r a d a y  r o t a t r i o l l  p e a k s  a r e  c L o s e  t o  t h e  f i x e d  p l r m p  f r e q u e n c y ,  S a n f o r d  e r .  a l  .  [ 1 ]

I . u .  -  g . d . l u d l  l o s "  ^ l  s y r r F r  y  n  s h i ' r s  l o r  r h ,  r i g l r '  
" n d  

l " ' l  - i r ' u l . r l .

l , , r l a r i z e d  p u m p .  T h i s  i s  c a u s e d  [ ] . 1  b y  t h e  t e m p e r a t u r e  d e p e n d e n c c  o f  t h e  e n e r g y

. l ) l j t t i n g b e t r e e n s u b  b a n d s ,  a  m e c h a n i s m  w h i c h  i s  a l l o w c d  f o r  i n  E q .  l 5 l )  t h r o u g h

r l , e  f a c t  t h a t  t h e  o p t i c a l  s t r u c t u r e  o f  r h e  m o l e . u l a r  p r : o p c r t y  t e n s o r : s
( l .pcnds  on  the  en€rgy  sp l i t r ing  be t \ re€n sub leve ls  and on  temper :a tu re .  Th€

, , , s o n a n . e  s t r u c t u r e  o f  t h e  i n v e r s €  F a r a d a y  e f f e c i  s p c c l  r u ß  o b t a i n e d  t h e o r e t i L d l l y

l ) - v  i ^ r o z n l ä k  e t .  a i .  [ 1 0 ]  s h o v s  t h e s e  e f f e c t s .  U n d e r  . o n d i t i o n s  d e f i n e d  b y  W o z n i a k

,  r  a l .  l 1 0 l  t h e  h y p e r p o l a r i z a b i l i t y  o f  t h e  j n v e r s e  a r r l  s L a n d a r d  t a r a d a y  e f f e c t s

l , a s  t h e  s a m e  s t r L r c t u r e  i n  s e n l - c l a s s i c a l  p e r t u r b a t i o n  t h e o r y .  S a n f o r d  e . .  a l .

l l  r € f e r  t o  t h e i r  i n t e r p r e t a t i o n  o f  t h e s e  i n t e r e s L i n s  d a t a  a s  a  f i r s t  o r d e r

i ; , 8 n e t i c  c o u p l i n g i  a n d E q .  ( 5 3 )  i s  a n e q u a t i o n  t o  I i r s t  o r - ( l . r  j n  t h e  8 h o s r  f i . l d  , B r l )

i1  the  punp laser : .

1 t  i s  i m p o r t a n t  i n  f u r t h e r  v o r k  t o  s t u d y  t h e s .  e i l . c l s  a s . I u n c t i o n  o f

l { , m p  l a s e r  i n t e n s i t y ,  i n  o r d € r  t o  d e t e c t  . f f c c l s  i n  a ( t  p r o p o r t i o n a L  l o  r h e

r . 1 { L r a r e  r : o o t  o f  p u m p  l a s e r  i n t e n s i t y .  I f  d e t . . t e d .  a n d  s . p a r r l . d  f r o m  t h e

. , . ( : o m p a n y i n g  s e c o n d  o r d e r  e f f e c t s  p . o p o r t i o n a l  d i r . c l l y  t o  p u m p  l a s e r  i n l e n s i t y

r s c c  b e l o w ) ,  e x p € r i m e n t a l  € v i d e n c e  v o u l d  h a v e  b e c o r n c  a v a i l a b l c  l . r  r h .  a b j l i t y

, ) {  t h e  g h o s t  f i € l d  a 6 }  t o  a c t  a t  f i r s t  o r d . r  r s  a  r n a 8 n ( : l  i .  i i . l d .  T h c

i e q u i v o c a l  d ä r ä  o b t a i n e d  b y  v a n  d e r  Z i e L  e . .  a l .  l / l  f o r  t h €  i n v . r s .  I a r a d a v

,  l f e c t  i s  a l r e a d y  i n t e r p r e t a b l e  i n  t e r m s  o f  t o )  a t  c . . . ) , d  o r d c r  L l  /  I  c l . a r l y ,

i  t h e  g h o s t  f i e l d  s e r e  z e r o ,  a { t  -  O ,  t h c l  I r t r ) )  o .  a n d  t h e r e  r ' o u l d  b e  n o

r r v e r s c  F a r a d a y  e f f e c t ,  c o n t r a r : y  t o  e x p e r i e n . .  l /  2 : l l .  T h c r e f o r e  t h e  t h o s r

I  i e l d  ! { t  i s  n o t  z e r o  a n d  € f f e c t s  d u e  t o  i t  a t  s . . , ) n d  ( ) r d e r  h a v e  b e e n  d . t e c l e d

I n e q u i v o c a f l y  [ 7 ,  I 7 ] .  E f f € c t s  d u e  t o  i t  a l  l j 1 3 r  o r d e r  h a v e  r ' o t  y e t  b e e n

t l ,  t e c t e d  u n e q u i v o c a L l y ,  a L t h o u g h  t h e r €  a r e  s i g n s  l l l l  t h r l  d a t a  r e c e n t l y  o b t a i n . d

l ' ,  F r € y  e r .  r l .  l 4 6 l  o n  t h e  o p t i c a i  F a r a d a y  c l l , . l  i .  n a g n e t i c  s e n i c o . d u c l : o r s
. , I )ov  the  req l l i red  square  r :oo t  in tens i ty  depend. i . (  1 {ore  uork  u rgent ly  needs  to

l r  d o n e  t o  c l a r i f y  t h e  f u n d a m e n t a l  p r o p e r t i . s  o l  l h i ,  g h o s t  f i e l d  a n d  p h o t o

n i S n e t o n  o f  l i g h t .

F r o m  E q .  ( 5 3 )  a n d  t h €  r e s u l l s  o f  S a n f o r d  . r  r l .  L r l  a  p u n p  o f  0 .  i '  v a t t s

rn : r  square  cent ine ter  in tens i ty  p roduces  a t  a  I  i x ( r l  l requency  an  or :d ina te  sh i f t

, ' 1  a b o u t  1 0 "  ( r o u g h l y  0 . 2  r a d )  i n  t h e  F a r a d a y  s p ( . r r u m  a t  1 0 0 0  n m  ( r o u g h l y  6 n x

l o i r  r a d  s - r ) ;  d e p e n d i n g  o n  v h e t h e r  t h e  b e a m  i s  l c l l  o r  r i g h L  c i r . u l a r l y  p o l a r i z e d

i r  / 8  K ,  f o r  a  s a m p l e  t h i c k n e s s  o f  2 5  m i c r o i s .  A s s u m i n g  l h a l  L h e r e  a r e  o f  t h e

, , r d e r  1 0 ' z 6  a t o m s  p e r  c u b l c  m e t e r  o f  s a m p l e ,  w .  o b l a i n  r o u g h  e s t i  a l e s  o f  t h e

, ) ,ders  o f  nasn i tude o f  n " .a ( r  and "y :ä ,  i .  ü t .  ( ) : l )  as  fo l lows:

7 l

^o-  r r2  opo, r l ^ r  s  ( ! ,  l ro , (  " r$ ,1 r ,  ,  " ' ; ; " t , r " ) , ( 5 3 )

v h e r e  l , )  i s  t h e  a n g u l a r  f r e q u e n c y  0 1  t h c  p r o h .  l a s . r .  F d  t h e  f r e e  s p a c e
p c r m c r b i l i r y :  c  l h c  s p c . d  o f  l i g h r i  I  t h € ,  s a m p l c  t h i c k n e s s ;  M  t h e  n u m b e r  o f

d r o m s  u r  m o l , c u l i  s  p i .  - u o r \  n p r F r  i n  r h F  \ . . r p l ,  8 r "  r o  / D  \ h p r e  / o  r s  r h e

i  t e n s i t y  o f  t h c  p u n f  l a s c r  i n  w a t t s  p e r  s q " . , r L  i s  t h e  L e v i  C i v i t a

s y m b o l ;  k I  t h e  t h . r D a l  e n e r g y  p e r  m o l e . u l . i  r n ( l  " r i i , l f ) ,  n " . ,  a n d  d ; y  t h e

s t a n d a r d  F a r a d a v  . 1  I  c c t  m o l e c u l a r  p r o p e r t y  t  e n s o r s  4 5  I  R e s p e c t i v e L y ,  t h € s e  a r e

t h e  h y p e r p o l a r i z r b i L  i t y ,  m a g n e t i c  d i p o l e  m o m c n t .  a n d  a n t i s y m c l r i c  p o l a r

i / - b r l i r y  I h p s  r , .  r u r e o r  r h e  h y p e r p o l d '  - i ' i l  y  i '  r , i v p n  h y  ! . r ' o z a r d i  c f .  J , .

{ r 0 l  i n  s e m i  c l . s s i c a l  p e r t u r b a t i o n  t h e o r y ,  a n d  i s  c l o s e t y  r e l a r e d  t o  t h e

h y p e r p o l a r i z a b i l i l y  o f  t h e  i n v e r s e  F ä r a d a y  r t f . . l  l 4 ! l  1 h e  s t r u c t u r e  o f  t h e

a n t i s y m m e t r i c  p o l a r i z a b i l i t y  a n d  t h e  m a g n e t i c  d i p o l . r  n ' o m e n t  i s  g i v e n  i n  s t a n d a r d
p e r t u r b a t  i  o n  r k o r y  4 5 1

I t  i s  . l e i r  r h a t  E q .  ( 5 3 )  f o r  A A  f r o n  r l r c  r ) , ! n p  l a s . r ' s  t h o s t  f i e l d  a ( ' ,

s i l l  p r o d u c c  a  s h i l i  o f  t h €  o r i g i n a l  F a r a d a y  s p i , . r r u n .  i  .  ^ e  ( a ) )  ,  s y n n e t r i c a l

l y  u p v a r d s  o r  d o u n u a r d s  i n  f r e q u e n c y  w i r h  r i d , r  ( , r  1 ( . l r  ( : i r . ü 1 a r  p o l a r i z a t i o n .

T h i s  i s  b e c a u s e  l h c  A h o s t  f i e l d  r i l l  b e  a d d e d  t o  o r  s u b l  r i . t e d  f r o n  t h e  p e r m a n e n t

m a g n e t i c  f i e 1 . l  a  o l  t h .  l . ' a r a d a y  e f f e c t  s p € c t r o n n , l (  r  ,  U i v i . l ' ,  a  n e t  f i e l d  B i a t 3 t .
T h i s  i s  w h a L  i s  r . p a r t c d  b t  S a n f o r d  e t .  a l .  [ 1 ]  l r r  t / r . i r  f i g u r e  2 -  N o  i n t e n s i t y

d e p e n d e n c e  o f  t h i s  . f f . c t  i s  r e p o r : t e d  b y  S a n f o r d  . r  i / .  !  L  h o w e v e r ,  a n d  t h e i r

i n l e r : p r e t a t i o n  i s  g i v e o  i n  t e r m s  o f  r - r . / / f ,  \ r h . r . , / '  i s  r h c  f j r s t  o r d e r  i n t r a - C r

e x c h a n g e  a n d  f  t h e  f r a c t l o n  o f  c h r o n r i u , n  s i t e s  w i t l ,  . x . i t e d  e l e c t r o n s .  T h e y

e s t i r n a l e  r / = 0 . 4 2 e y  a n d  l - 1 . 8 ! 1 0  r ,  i . e .  t h ( :  l r a . r  i o n a l  p o p u l a t i o n  o f  p m p

€ x c i t e d  c a r r i € r s  p e r  c h r o m i u m  a t o n  s i t e .  T h c r e l o r .  i : J t f  i s  a  s p i . n  s p i n

in te rac t ion  be tween the  chromlum magnet ic  sp in ,  I  
,  a .d  a  photo-exc i t€d  sp i r  r / f  .

I n  t h e  n o t a t i o n  o f  E q .  ( 5 3 ) ,  t h i s  c o r r e s p o n d s  t o  t h c  r e r m  i n  m , . c ( , :  a  t e m p e r a -

I  
' y : i , ( f l | - t o  3 '  t u n t  v 2  l n " , a i ,  - r o \ 1  . 2  n 2  7 1 (  5 4 )

l r  a  d i a r a g n e t i c  l i q u i d  s u c h  a s  c ä r b o n  d i s u l p h i d e ,  L l o i n i a k  e t .  a I .  I a 7 l  h a v e

,aLcu la ted  a  va lue  fo r  the  hyperpo la r i  zab i  1  i  t y  o f  the  s tandard  Faraday  e f fe . t :

l r r - r q  A  D '  v ' .  I n  a  p ä r a m a e n e t i c  v i t h  ä  p e r n a n e n t  m a g n e t i c  d i p o l e  n o m e n r .  t h c

ic rm l rq ,a ,d l  i s  very  rough ly  o f  the  order  cons is ten t ly ,  there for€ ,
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t h e  a t o m i c  p r o p e r t y  t e n s o r s  i n  t h e  f e r r o m a g n e t i c  s a m p l e  u s e d  b y  S a n f o r d  e a .  a l .

t1 l  a re  much gr :ea ter  in  magr i i tude  than in  a  d ianagnet ic  o r  paramagnet rc  Thrs
i s  c o n s i s t e n t  w i t h  t h e  f a c t  t h a t  s o m e  f e r r o m a g n e t i c s ,  s u c h  a s  n a g n e t i c
s€n iconductors  o l  thc  type  used by  Frey  e t .  e l  .  lL6)  sho\ , i  g ian t  Ze- .man and
Far :aday  e f fec ts  o rders  o f  magn i tude grea ter  than those encountered  in  d ia
m a g n e t i c s  s u c h  a s  r a t e r .  S a n f o r d  e r .  a i .  J 1 l  h a v c  e l e g a n t l y  a m p L i f i e d  t h c  e f f e c t
fu r : ther  by  tun ing  the  pump laser  to  peaks  in  the  or ig ina l  Faraday  e f fec t  spe . t r l f i
o f  the i r  sanp le .  Th is  i s  p rec ise ly  ahat  was  propos€d io r  the  inverse  ! 'a raday
e f f e c t  b y  w o i n i a k  e r .  a l .  I r 0 ] ,  v h o  h a v e  i s o l a t e d  t h e  r e s o n a n c e  s p e c t r u m  f o r  a n
i d e a l  i z e d  t h r € e  l e v e l  a t o m .

T h e r e  d c c o m p ä n i e s  r h e  f i r s t  o r d e r  e f f e c t  d e s c r i b e d  i n  E q .  ( 5 1 )  a  s e c o n d
order  e f fec t ,  p ropor t ionat  to  the  square  o f  the  ghos t  f ie1d ,  the  modu lus  o f  the
c o a j u g a r F  p  o d u . r  ' n  p q u d r i o n  r l ) .  l h i s , . n  b "  s r | | ' p n  I r , 5 l  " -

Theory of the Optical Faraday qfect '13
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wh€re  the  angu lar  b rackets  denote  averag ing  over :  appropr ia te  molecu la r  p roper ty
t e n s o r s ,  d e f i n e d  i n  R e f .  [ 4 5 ] .  T h i s  e f f e c t  d e p e n d s  o n  t h e  c o n j u g a t e  p r o d u c t ,  a
ve . to r  quant i t y ,  and as  such is  a lso  expe. t€d  to  change s ;gn  be t \ reen r iah t  and
l e f t  p u m p  l a s e r  p o l a r i z a t i o n s  I n  g e n e r a l  j t  a c c o m p a n i e s  L h c  f i r s t  o r d e r  e l f e c t ,
E q .  ( 5 3 ) ,  b u t  i s  d i r e c t l y  p r o p o r t i o n a l  t o  t h e  p u m p  i n t e n s i t y  i t s e l f ,  a n d  n o t  t o
t h e  s q u a r e  r o o t  o f  t h e  p u m p  i n t e n s i t y ,  a s  i n  t h e  f i r s r  o r d e r  e f i e c t .  T h e
d i f fe ren t  con t r ibur ions  can there fore  be  separa ted  in  p r inc ip l€  th rough an
ana lys is  o f  the  in tens i ty  dependence o f  th .  op t ica l  Faraday  e f fec t .

r r ^ r  t h e  e f l e c t s  a L  f i r s t  a D d  s e c o n d  o r d e r  i n  a ( t '

obv ious ly  depend on  the  fac t  tha t  t ( r ,  iq  no t  zero ,  and bo th  e f fec ts  show the

ex is t€nce o f  the  fundamcnta l  ghos t  f i€ td  and photoma8neton o f  l igh t .

T h e r e  e x i s t s  a  L i c  a l g e b r a  b e t v e e n  t h €  t r a n s v e r s e  ( w a v € )  f i e l d s ,  . B ( 1 )  a n d  , B { 2 )

a n d  l o n g i t u c l i n ä l  ( g h o s t )  f i e L d  r ( 3 )  o f  e l e c t r o n a g n e t i c  r a d i a t i o n .  I h e  c l a s s i c a l
ghos t  f ieLd  can prov ide  an  exp lanat ion  fo r  the  op t ica l  and inverse  Faraday
ef fec ts ,  and in  the  quantum f ie ld  theory  i s  d i re . t l y  p ropor t iona l  to  the  angu lar

momentum o l  the  photon  beam.  For  one photon  the  quantum equ iva len t  o f  aß)  i c

the  e ]€mentary  photomagneton , i ( t )  .  The cx is tencc  o f  rhe  la t te r  a l lons  the  photon

three  degrees  o f  po la r iza t ion  r i thout  a f fec t ing  rhe  fundämenta l  laws o f
r a d i a t i o n ,  b a s e d  o n  t h e  P L a n c k  l a w .  T h e s e  t h r e e  d e g r e e s  o f  p o t a r i z a t i o n  a L l o w

for  the  fac t  tha t  the  photon  may be  a  mass ive  boson and tha t  the  e lec t ronagnet ic

four  po ten t ia l  Ä !  i s  phys ica l l y  mean ing fu l  and man i fes t l y  cowar . ian t .
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Chapter 8

CL SSICAL RELATIVISTIC THEORY OF TIIE LONGITUDINAL GHOST FIELDS OF

ELECTRO}IÄGNET I SX

14. I , / .  Evans

l l , e  c l a s s i c a l  r e l a t i v i s t i c  t h e o r y  i s  d e v € l o p e d  o f  e l e c t  r i c  a n d  m a S n e t l c  f i e l d s
n  t e r m s  o f  b o o s t  a n d  r o t a l i o n  g e n e r a t o r s ,  r e s p c . r i v o l y ,  o l  r h e  l , o r e n r z  g r o u p  o f

. |ace-t ime. This developnenr shows that  Minkovski  g, .ometry requires rhat  Lhere
lr ,  rhree states of  polar izat ion of  radiat ion i  n f r  e.  space .  The nagnet ic
i  o m p o n e n t s  i n  a  c i r c u L a r  b a s i s  a r e  r i g h t  a n d  l e f r  c i r c u l a r  a n d  l o n g i r u d i n ä ] .  T h €
longi tudinä]  conponent is  real  and physical ,  and t roporr ional  to one of  rhe
r l l r e e ,  n o n  z e r o ,  r o t a t i o n  g e n e r a t o r s  o f  t h e  L o r c n t z  g r o u p .  T h e  l o n g i t u d i n a l
'  lectr ic  conponent is  pure ima8inary,  and proporr ional  ro one of  th€ three boosl
[ ( .nerators.  These theoret ical  argumenrs conforn v i  I  t r  .xpcr imentat  data f .on the
l ' lanck radiat ion lar  and f ron magnet ic ef fects o l  l isht  such as rhe inverse
I  i r a d a y  e f f e c t .

L lntroduction

I t  is  wel l  kno$'n that  the Maxwel l  equat ions i ! r  f rce space are re lat iv isr i -
,  i l ly  inwar iant ,  as i ras f i rs t  shol i r t  by Lorenrz in 1904 Shorr ty afrervards,
i 'o incar6 shoi , red that  a l l  the equar ions of  . l  ectrodynamics are s imi lar ty
L , , v a r i a n t .  T h e s e  r e s u l t s  v e r e  p r o v e n  i n d e p e n d e i , r l y  b y  E i n s r e i n  i n  1 9 0 5 ,  a n d
. t 'om in the theory of  specia l  r€ lat iv i ty  ro be geD€ral  ly  va1id.  Einstein based

l i s  t h e o r y  o n  t v o  p r i n c i p l e s ,  t h e  f i r s t  a s s e r t s  r h a r  r h e  L a v s  o f  p h y s i c s  t a k e  t b e
, ime form in a l l  Lorentz f raoes;  the second ass€rts rhar the constant  c is  the
.rme in a l1 Lorentz f rares.  I f  the phoron js  r . ,sarded as being v l thout  mass,  c

,  i  t h e  s p e e d  o f  l i g h t  i n  v a c u o ;  o t h e r v i s e ,  i t  r h . :  p h o t o n  h a s  m s s ,  i r s  s p e e d
. , r i e s f r o n f r a n e t o f r a r D e , g i v i n g r i s e t o ' , t i r e d l i g h r . L l , 2 l . U n l e s s o t h e r w i s e
. 1 , c c i f i e d ,  w e  s h ä ] 1  r e s t r i c t  o u r  a l t e n t i o n  i n  t h i s  p a p e r  t o  r h e  m a s s t e s s  p h o t o n .

resul ls  can and v i l l  be eeneral ized in furrher \ rork Lo rhe case of
r r r i t e  p h o t o n  m a s s ,  i n  l r h i c h  t h e  d ' A i e m h e r r  e q , , a r i o n  i s  r e p l a c e d  b y  t h e  p r o c a
' tuat ion,  or  var iants thereof  such as the de Brogi ie equat ion or  Duff ln-Kenmer
,  I  iau equat ions I  3-61 .

As is  vel l  knosr l ,  the postulated constancy of  c ä l1ovs a connect ion to be
r i ( t { r  b e t v e e n  M i n k o w s k i  s p a c e  t i m e  c o o r d i n a t e s  i n  d i f f e r e n t  f r a m e s ,  c u s t o n a r i l y

, l )et led K and K/ ,  the lat ter  Doving at  r .  vr i rh respect  to rhe forn€r a long the
/ : , x i s .  T h e  p s e u d o - E u c l i d e a n  f r a m e  o f  r e f e r € n c e  i s  ( X ,  y ,  Z ,  i c t )  f o r  K  a n d  ( X / ,

Z/ ,  ic t / )  far  K/ ,  and the assumed l inear t ransformar ion is  based on the
, ,  I  at ion bet l reen f ran€s.
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x n + y 2 + 2 ,  c , t L  = I 1 l x 1  * f ' * z :  c ' t 2 ) ,

{ h e r e  t  i s  a  f ü n c t j o n  o f  v  s u c h  t h a t  l ( 0 )  1 .

u n i t v  f o r  a l l  v .  T h e  L o r c ü t z  t r a n s f o r m  i s  t h ( , n

me Photomagneton and Quanrum Field Theory

I t  c a n  b e  s h o w n  [ 7 ]  t h a t  I  i s

t '  1 \ t  p z ) ,  ( 2 )

( 1 )

xt  x,  v t= Y,  zt  - . t lz  wt) ,

w h e r e  p - ! , , / c  a n d T = ( 1  - v ' : l d z )  j .  r t ' i "  
" , ' '  

b .  v r i r t c n  i n  t h e  f o u r  b y  f o u r  m a t r i x

,i,,1,
( 3 )I,iilli;i,i'l

vh ich  in  tensor :  nora t ion  be .omes

xJ = 
",""" 

(4)

T h e  f o u r  b y  f o u r  m a t r i x  i n  E q .  ( 3 )  i s  1 l x '  l . o r ' c r r l r  l i a n s f o r n a t i o n  m a t r i x  a n d

def ines  the  boos t  genera tors  to  be  us .d  i  u  I  l , j  s  pap. r ,  gen€ra tors  th ich

p a r t i c i p a t e  i  t h e  l . i e  a l g e b r a  o f  t h e  I i ) l ( t r i z  l l r o , l P  T h c r c  a r e  r h r e e  b o o s t

g e n e r a t o r s ,  o n e  f o r  e a . h  s P a c e  a x i s ,  a n d  e a . l r  i ! ; ,  p ü r .  r - . a t  f o u r  b v  l o ü r  m a t r i x

b y  d e f i n i t i o n  1 8 ,  9 1 .  A d d i t i o n a l l y ,  t h e r c ; , t (  t I r . .  r o r r t j o n  g c n € r a t o r s  r n  t h e

L o r e n t z  g r o u p  t 8 ,  9 1 ,  b e i n g  f o u r  b y  f o u r  p r r ) .  i m r l i n r r v  n r a l r i . e s  b - v  d e f i n i t i o n

T h e  b o o s t  g e n e r a t o r s ,  i ,  a n d  r o t a t i o r r  l t ( ' t t r ' r , l o r s .  . i  r r e  b a s e d  d j r e c t l y

o n  M i n k o v s k i  g e o n e t r y ,  i . e . ,  t h e  p s e u d o - E u c l i ( l { a , , f o m . l r y  o f  s p a c .  l i m e  I n  S e c

2  o f  t h i s  p a p e r  i t  i s  s h o m  t h a t  a x i a l  u n i l  v . . l ( ) r : i  i r r  l h .  l i r r e e  i l i m ' r n s i o n s  o f

E u c l i d e a n  s p a c e  c a n  b €  e x P r e s s e d  a s  a n t i s y n m . t r i (  l  r  I  r r l ) i l  t e n s o r s  w h i c h  a r e

r e l a t e d  d i r e c t l y  t o  t h e  r o t a t i o n  g e n e r . t t o r s  o l  l h r ' ( {  ( 1 i f t ' t i s i o l ) a l  s p a c e ,  a n d  b y

s i m p l e  e x t r a p o l a t i o n ,  t o  t h o s e  o f  t h e  f o u r  d j m . t r s i o n ; , 1  l . o r . n t z  8 , r o u p ,  g e n e r a t o r s

wh ich  are  four  by  four  mat r ices  in  Minko l l rk i  s | , r . ( '  I  i r k ' .  1 t  lo l Io 's  tha t

n a g n e t i c  f i e l d s ,  u h i c h  c a n  b e  e x P r € s s e d  i n  t (  r m s  ( ) J  ä x i a I  v e c t o r s  i n  t h r : e e

d i m e n s i o n a t  ( 3  D )  s p a c e .  b e c o m e  r : o t a t i o n  g c n c r r r ( ) r : ;  i r r  r h e  4 - D  L o r e n t z  g r o u p

B y  u s i n g  a  s u i t a b l e  c i r c u L a r  b a s i s ,  t h e  . 7  m a t r l c t s  r r - . , l s e d  t o  d e f i n e  n a g n e t i c

f i e l d s  f r o m  M a x v c l l ' s  e q u a t i o n s  i n  w a c u o  I h i : i  m . t i r o d  l e a d s  d i r e c t l v  a n d

geomet r ica l l y  to  the  conc lus ion  tha t  there  is  n  rea l  long i tud ina l  nagnet ic  f ie ld

f r o n  t h e s e  e q u a t i o n s  i n  v a c u o -  T h i s  s o l u r i o n  i s  a l s o  r e l a t e d  g e o m e t r i c a l l y  t o

t h e  t v o  t r a n s v e r s e  o n € s  ( r i g h r  a n d  l e f t  c i r c l r l a r  p o l a r i z a t i o n )  u s i n g  t h e  L i e

a l g e b r s  o ,  t  h "  o r  . r  i o n  t ' n e r  a r  o '  s  i

l n  S e c .  3 ,  t h i s  m e t h o d  i s  e x t e n d e d  t o  e t e c t r i c  t i e l d s ,  l t h i c h  i n  3  D  s p a c e

can be  expressed in  te rns  o f  po la r  un i t  v . : { ) to rs .  These have no  
' l  

x  3  mat r ix

CUrssical Relatießtb Theory oJ the lnngitudinol... 17

equ iva len ts  in  3  D,  bu t  l t  i s  we l l  kno \ rn  tha t  the  vec tor :  c ross  produc t  o f  two
p o l a r  v e c l o r s  i n  3 - D  i s  a n  a x i a l  v e c t o r .  I n  4 - D  t h e  e q u i v a l e n r  i s  t h a t  t h e
.omuta t ion  o f  t r ro  boos t  genera tors  i s  a  ro ta t ion  genera tor ,  showing rhar  ä  po la r
vec tor  in  4 -D is  a  boos t  genera tor :  o f  the  l ,o ren tz  g roup.  l r i th  th is  res t1 l t ,
c lec t r i c  f ie lds  in  space t ime a lso  becone boos t  generärors ,  vh ich  are  expressed
i n  a  c i r c u l a r  b a s i s .

Sec t ion  4  i s  a  suromary  o f  the  comple te  L ie  a laebra  o f  e lec t r i c  and nagnet ic
f ie lds  in  vacuo,  expressed respec t ive ly  as  boosr  and ro ta r ion  g€nera tors  o f  rh€
L o r e n t z  g r o u p  o f  s p e c i a l  r e l a t i w i t y ,  u s i n g  a  s u i t a b l e  c i r c u l a r  b a s i s  t o  r e l a t e
th€se t ransverse  and long i tud ina l  f ie lds  to  soLut ions  o f  Maxve l t ,s  equat ions  in
v a c u o .  I n  t h i s  v a y ,  i t  i s  d e n o n s t r a t e d  g e o m e t r i c a l l y  t h a t  r h e r e  e x i s r s  a  r e a l ,
phys ica l l y  mean ing fu l  ,  I  ong i tud ina l  magnet i  .  f  i  e l  d ,  \ ' h ich  in  späce t ime is

d i r e c t l y  p r o p o r t i o n a l  t o  t h e  r o t a t l o n  g e n e r a t o r  j 1 ' )  i r r  a  c i r c u l a r  b a s i s .  T h e

B e n e r a t o r  i 1 r )  i s  a  n o n - z e r o  4  x  4  m a t r i x  ä s  a  d i r e . r  r e s u L t  o f  i " l i n k o r s k i

S e o m e t r y  i t s e l f ,  i . e . ,  a s  a  r e s u l t  o f  t h e  n a r u r e  o f  s p a ( : c  I  i n r e .  S i m i L a r l y ,  t h e r e

c x i s t s  a  p u r e  i n a g i n a r y  e l e c t r i c  f i e l d  i , 6 1 r ) r : h i c h  i s  d i r € c r l y  p r o p o r t i o n a l  t o

r h e  n o n - z e r o  b o o s t  g e n e r a t o r  i ß )  o f  t h e  L o . e n t z  8 r o u p .  t h e  e l e c r r i c  a n d
m a g n e t i c  f i e l d  s o l u t i o n s  o f  M ä x v € 1 1 ' s  e q u a t i o n s  r h e r . f o r e  f o r m  t h e  c o m p l e t e  L i e
a lgebra  o f  the  Lorentz  g roup and par r  o f  tha t  o f  lhe  l ,o i rx :n ra  g roup,  lonA i rL ld ina l
, n c l  t r a n s v e r s e  . o m p o n e n r s  b e i n g  r e l a r e d  b y  ' l  i s  L i p  . , 1 I ] ,  l , ' ^

F i n a l l y  a  d i s c u s s i o n  i s  g i w e n  o f  t h e  e x p . r i m e n L a l  s u p p o r L  f o r  t h i s
( o n c l u s i o n ,  a n d  o f  e x p e r i n e n t a l  c o n s e q u e n c e s  i n  . , 1 . . ü o d ! . a m i c s .

2, Eägneti c Fields as Rotation cenerätors

IL  cän be  derDonst ra ted  in  an  e lementäry  wav l { )  l2 l  tha t  there
(  yc l i ca l l y  symmet r ic  re la t ion  be tveen the  t ransv(  r  s .  and long i tud ina l
l i e l d  s o l u t i o n s  o f  M a x v e l l ' s  e q u a t i o n s  i n  v a . , , o ,

( 5 a )

(sb)

( 5 c )

( 6 a )

!  ( r )  x 8 { 2 )  =  j B l o ) a b ) .

t  1 2 )  x 8 ( r ) :  j E  1 0 ) a  1 1 r .

l ( t )  x t ( 1 '  =  i r J l . r a 1 2 ' .

w b e r €  B r o )  i s  t h e  s c a l ä r  m a g n e t i c  f l u x  d € n s j l y  m a A n i t u d e  i n  t e s l a ,  a n d  w h e r e  t h e
l i € l d s  a r e  d e f i n e d  i n  v a c u o  a s  t h e  f o l 1 o v i n 8  s o l t r t i o n s  o f  l l a x v e l l , s  e q u a t i o n s ,

J 2 '



1A me Photornagneton and Quanlum Field Theory

l l e r e  t h c  o s c i  I  I  a t i n t  r r a n s v e r s e  c o m P d r e n t  (  I  )  i s  t h e  c o n p l e x  c o n j u g a t e  o f

c o n p o n e n r  ( 2 ) ,  a n d  j s  e : p r e s s e d  l n  t e r m s  o f  t h .  l ) h a s e  O = o r - r ' t  o f  a  t r a v e l l i l g

p lane wave in  vacuo whose angu lar  f requcn.y  i : j  o  a l  a r r  ins tan t  t  and whose wave

v e c t o r  i s  r  a r  a  p o i n t  - r  i n  s p a c € .  N o l e  r h a t  ( o u B ) n e n t  ( 3 )  i s  p h a s e  f r e e ,  s o

tha l  v_a  r r ,  =  0  .

T h e  n a g n e t i c  f l u x  d e n s i t i e s  8 ( 1 ) ,  . B ( 2 )  ä r x t  ! G )  a r e  e x P r e s s e d  i n  ä  n a t u r a l ,

c i r c u l a r  l , a s i s  d e f i r i e d  [ 1 U  t 2 ]  b y  u n i t  v e . r o r s  e { 1 ) ,  e o ) .  a n d  e r l

so t  =  4U '  1  i t , l e  , o

8 r . )  =  r j  i o , r . ,

c n ) =  j \ j  j J ) ,

. , r t =  ]  \ 1  ' j J ) ,

€ ( r )  x € o )  _  i € 1 1 ) . .  t t ,

( 6 b )

( 6 c )

(  / a )

( 7 b )

( 7 c  )

{ h e r e  l ,  J ,  a n d  t  r r .  C a r t e s i a n  u n i t  v e c t o r s  i t r  X ,  Y  a n d  Z  r e s p e c t i v e l y '  Z

b e i n g  t h e  p r o p a s a r  i o n  a x i s  o f  t h e  p l a n e  i r a v e  l n  l i l s  ( 1 a )  L o  ( 5 c ) '  *  d e n o t e s

" c o m p f e x  c o n . l u g a r i . "  l t  i s  o b v i o u s  l h a t  i n  r h i s  . i r . L r l a r  b a s i s ,  w h i c h  n a r u r a r l y

d e f i n c s  r i S h t  a n d  l e i l  c i r c u l a r  p o l a r i z a t i o n .  ! ( 3 '  m u ' t  b e  t h e  c o m p L e x  c o n j u g a t e

o f  r { t ,  s o  t h a l  t l r )  n u s t  b e  p h a s e  f r e e  T h e  P . r l ( . 1 l y  c y c l i ( : a l  s y n r m e t r y  o I  E q

( 5 )  i s  t h { : r e f . r .  n  ( l i r e c t  S e o n e t r i c a l  c o n s e q u e r r c r ' ( ) l  t h c  j s o t . o P y  o f  l - D  s p a c e

I f  a r t - ? 0 .  l h ( ' ,  B o )  a n d  r ( 2 )  a l s o  d i s ä p p e a r ,  s h o { i t i 8  i n u  e d i a t e l y  t h a t  t h e

s t a n a t a r d  a p p r { ) a . h  L l l  1 6 l ,  i n  w h i c h  r ß )  i s  u l r r . l r r r . d  t o  , r l )  ' ä n d  l ( 1 "  i s

g e o n e t r i . a l l y  ü I s ( ) , r r x ]  i n  3 - D .  T h e  s t a n d a r d  r l ) p r o a . l )  v i o l i t c s  L h '  i s o t r o p y  o f

i . u .  
" p " . .  

a n ( t  u r n i l r r r a l l y  r e a t u c e s  i t  t o  a  p l n r ( '  l l r .  r a n i f i c a t  i o n s  o f  t h i s

c o n c l u s i o D  h a v .  b . ( r  d i s ( : u s s € d  e L s e v , h e r €  [ I 0  ] ?  1 h i  a s s . r t i o  t h a t  l ( 3 )  i s

z e r o  i s  u s u a l l y  I I  1 6  b a s e d  o n  t h €  l ' l a x w e l  l  e q r r a l  i o r r  V . B - o  A  l o n g i t u d i n a l

f i e l d  i n  v a c u o  r h a r  d i , p { n d s  o n  t h €  P h a s e  o f  a  p l a r r e  ! . v .  L  l - L 6 l  c a n n o t  s a t i s f y

t h i s  e q u a t i o n .  s o  i t  i s  c o n v e n t i o n a l l y  a s s u m u d  l h ä i  a 6 )  ? 0 ,  o r :  i s  o t h e r w i s e

" i r r e l e v a n t "  o r  " u n r e l a t e d "  t o  t h e  t r a n s v e r . s e  c o n P ( ) r i ( ' r r t s .  T h e  € x i s t e n c e  o f  t h e

s i m p l e  c y c l i c  a l S e b r a  ( 5 )  a p p e a r s  n e v e r  t o  h a v .  b . e r r  r e a l i z e d  p r i o r  t o  R e f s '

1 1 0  1 2 i .  H o w e v e r ,  f r o m  E q .  ( 5 a ) ,  t h e  s t ä n d a r d  8 ( r '  o  m e a n s  t h a t  t h e  c o n j u g a t e

D r o d L l c t  I 1 7 - L 9 l  ! ( 1 ) x t ( 1 )  i s  a l s o  z e r o ,  a  r e s u l t  ' h i . h  m e a n s '  f o r  e x ä n p l e ,  L h a t

lhe  inverse  Faraday  e f fec t  I20-261 (phase f ) 'ee  or  "s ta t i c "  magnet iza t ion  bv

l lAh t )  d isappears .  The inverse  Faraday  e f fec t  i s  however ,  we l l  demonst ra ted

e x p e r i m e n t a l l y  t 2 0  2 6 1  a n d  i s  t h e o r e t i c a l l y  l 1 /  d i r e c t l v  p r o p o r t i o n a l  t o

Clatsical Relalivistic Theory oJ the Longitudinal... '79

. B ( 1 )  x 8 { 2 ) ,  w h i c h  i s  i n  t u r n  a l g e b r a i . a l l y  t h e  s a m e  a s  j B i o ' r ( 3 ) .  T h i s  l i n c  o f
,  .äsor i rng ,  based on  exper inenta l  da ta  ,  exposes  a  bas ic  paradox  in  s tandärd
, l € c t r o d y n a m i c s ,  a  p a r a d o x  w h i c h  i s  e m b o d i c d  i u  s p e c i a l  r e l a t i v i t y  2 7 1 ,  f o r
, x a m p l € .  i n  t h e  w c l L  k n o w n  f a c t  t h a r  t h e  ü i ! , n { , r  t i f t l e  g r o u p  1 2 8 ,  2 9 1  i n  r h e
(  o n v e n t i o n ä ]  a p p r o a c h  ( \ , r i t h  a ( 3 ) - ? o )  i s  L h e  i r n p h v s i c a t  r ( r ) ,  a n  E u c L i d c a n  p l a n a r

l r o u p ,  a n d  n o t  t h e  n a t u r a l  g r o u p  o f  r o t a t i o n s  1 n  r h . e e  d i m e n s i o n s .  T h i s  i n  r u r n
l . , a d s  r o  r h e  v e l l  k n o w n  l o s s  o f  m a n i f e s r  c o v a r  i a n . .  i .  r h c  v e c r o r  p o l e n r i a l  A ! ,
i o m e t h i n g  w h i c h  i s  f u n d a m e n t a l L y  a t  o d d s  v i t h  r h .  U o h m - A h a r o n o v  e f f e c t  2 9 ,  3 0 1
w l r i c h  s h o w s  A r  t o  b e  p h y s i c a l  l y  m e a n i n g f L r - l  .  I r  i s  i l t o g i c a t  i n  s p e c i  a l
i . ' l a t i v i t y  r o  a s s e r t  t h a t  a  p h y s i c a l l y  m e a n i n g l u l  I o u r  v e . r o r  i s  n o t  m a n i f c s t L y
. o v a r i a n t .  I n  o r h e r  w o r d s ,  a l l  f o u r  c o m p o n . n l  s  ( ) l  , 1 r  m u s t  b e  p h y s i c a l l  y

n n , a n i n g f u l  a s  f o r  a n y  o r h e r :  f o u r  v e c t o r _  T h e  L r s r r a l  a s s . r . r  i o n  ! G )  = ?  O  t e a d s  r o
, , b s u r d i t y  t h e r e f o r e  i n : l  D  a n d  4 - D ,  a n  a b s u r d l r v  s h i . h  i : j  l i a b i l l l ä t l y  a c c e p r e d  i n
t h c  s t a n d a r d  a p p r o a c h  t o  e l e c t r o d y n a n i c s  a n d  r h t  t J ( l )  s ( , . r o r  o f  f i e l d  t h e o r y .

r , , l : i  t h  L h i s  p r e a m b l e ,  t h c  a i n  o f  t h i s  a n d  r h .  n ( . x t  t r ( )  s . . t  i , ) , i j ,  j s  i o  d e v i s e
r l ' e  r e l a t i v i s t i c a L l y  s e l f  c o n s i s t e n t  l . i e  a l g e b r r  o l  r h ( .  ! l ( .  i .  A n d  n a g n e t i c
s ( ) l u t i o n s  o f  M a x r e l l ' s  e q u a t i o n s  i n  v a c u o  w i t h o u t  i , r k i r i i t  r l r { .  L r s , r n l  n s s e r r i o n

a { r ) = ? 0 .  l n  L h l s  s e c t i o n ,  i t  i s  s h o w n  r h a r  , 1 " .  r l r ' )  f u n t  r l ' )  , , r ( . ( . . . 1 ,  d j r c c L t y

I r r o p o r t i o n a l  t o  a  s t a n d a r d  r o t a r i o n  g e n e r r r { ) f  ( ) 1  r l l .  t . o r . l l 7  1 ] r o r i p .  t , i r e s ( :
| , r t a t i o n  g e n e r a t o r s  a r e  a l l  n o n - z e r o  b y  M i n k o w s k i  f , i . . r i . t r v .

T h e  s t a r : i n g  p o i n t  o f  t h e  p r o o f  o f  t h i s  r e s , , l r  r s  t o . x p r e s : ;  t l , ( .  ( i a r t . s i a n

, x i a l  u n i t  v e c t o r s  a s  a n t i s y m m e t r i c  n a t r i c c s  u s i n f ,  t h .  i r . r  1 l ! r 1  a ' r  r \ t r r  r ' a n k
, ) r e  v e c t o r  i s  a l s o  a  p o l a r  a n t i s y m m e t r j .  r a n k  t , ( i  r ( ü s o r  L - J l  I  l h e  t l , r ( . .  r i n k

, l: : :1, _, l:: ;
L o  - ,  o l  [ r  o  o

l h i c h  i n  t h e  c i r c u l a r  b a s i s  ( 7 )  b e c o m e

11il ^ , r )  = f .  ( e )

i l , .  l a t t e r  f o r m  a  c l a s s i c a l  c o m m u t a t o r  a l $  l ) r : r  u ] , i . 1 )  i s  c y c t i c a l . l y  s y m r n € i r i c
l l , ' . 1  i  d e a n  s p ä c e ,

'lj

lri:']

: : ]
( { l )

6  ' 1 )  =  !
f,z



l e ( r r ,  € , , , 1  _  i 6 o ) .  -  i e r i )

1 e , , ,  o ( r l  =  j e l r ) .  =  i ä r , )

I 6 ( r ' , 6 1 1 ) l  =  - i - r , r ,  ;  i ö  1 )

I n  t h e s e  e q ü a t i o n s ,  a l l  t h t e e  c o m n u t a t o r s  a r e  f o r m e d  f r ' o n  g e o r n e t r i c a L l y

rüeän ing fu l  component  mat r ices  vh ich  ar€  a t l  non-zoro  obv ious lv ,  i f  one  o f  these

i s  a r b i l r a r i l v  s e L  t o  z e r o ,  l h e  o t h e r  t v o  v a n i s h  ' n d  t h e  g e o n e t r i ' a l  s t r u c t u r e

i s  d e s t r o y e d .  T h i s  i s  t h e  g e o m e t r i c a l  b a s i s  f o r  t h .  e x i s t e n c e  o f  a  r e a t  t h r e e

d i m e n s i o n a l  m a t . i x  r e p r e s e n t ä t i o n  o f  t h c  m a S n e t i c  p a r t  o f  l r e e  s p a c e  e L e c r r o m a g

n e t  i  s n .  S p € c  i f  i c a l  l Y .

, ( i )  =  i a ( o ) 6 ( r ) e r + ,  B t t \  =  i B t ü ( i t , t e  r + ,  i ( r i  =  E ( o ) 6 o ) ,  
( 1 1 )

f rom wh ich  emer :ges  the  c lass ica l  connuLat ive  aLacbra  equ iva len t  to  the  vec tor ia l

a l  g e b r a  ( s ) ,

.onmuta t ive  re la t ions  be tveen nagnet ic  f ie lds  a re  re la t ions  beLween sp ins  and a

o a g n e t i c  f i e l d  i s  a  p r o p e r t y  o f  s p ä . e  E i m e  i r s e l f .  T h e r e f o r e  t h e r e  a r e  t h r e €

.onponents  o f  a  nagnet ic  f ie ld  in  space because there  äre  th ree  ro ta t ion

f i c n e r a t o r s .  F i n a l l y ,  m a g n e t i c  f i e l d  c o n p o n e n t s  a r e  i n i e r r c l a t e d  b y  c o m u t a t o r s ,

in  the  sane ray  as  ro ta t ion  genera tors .

The genera l i za t ion  o f  ro ta t ion  genera tors  f rom o(3)  to  the  Lor :enrz  g roup

f o l r o w s  l 2 9 l :

: iil ' Itii] ( l s )

l L  l o l l o \ r s  t h a t  m a g n e t i c  f i e l d s  i n  t h e  f o u r  c o o r d i n a t c s  o I  s p a c e  t i m e  a r e  a l s o
/ ,  x  4  ß a t r i c e s .  T h e r e  a r e  t h r e e  r o t a r i o n  g e n e r a t o r s  i i  s t a . e  t i m e ,  w h i c h  o b e y

rhc  c lass ica l  comrnuta t ive  a lgebra ,

8 l

*l:
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J o  o  1  o l
; ' r  -  r  l u  n  - i  n 1
"  i l ' i  o  o l '  "

[  0  0  0  0 l

t 6 1 1 ) .  r r : ) l  -  j a l i ) 6 1 ' ) '  -  i n t d r r l r )

I t ( , r ,  Ä ( , ) ]  -  j B ( o ) E t r ) ' .  -  - ; B , o r i t t ' J

L r i , ' "  6 t ' t 1  =  - i B 1 ! ) 6 1 ' ) '  r / r r r i F r ' )

( 1 6 )

a n  ä l B e b r a  w h i c h  i s  r S a i n  c y c l i c a l L y  s y m m € t f i (  i ' r  | ] u ' l i ( l e a n  s P a ' e  T h i s  a l g e b r a

c a n  n o r  b e  e x p r . s s ( ' d  i n  t e r m s  o f  t h e  r o t a t i o n  l , . n e r a t o r s ,  ' ?  o f  t h e  o ( 3 )  g r o u p

[ 2 9 ]  o f  t h r e .  d i n . n s i o n a l  s p a c e ,  b u t  u s i n g  t h f . i r ' l r l e r  l ) a s i s  ( 7 )  i n s r ' ä d  o f  t h e

u s u a l  I 2 9 I  c a r t  e s  i  i n  o n e ,

ü h i c h  b e c o m e s  t h €  n o r e  f a m i l i a r  [ 2 9 1

13* i ,)= i i" ,  I i , .  i , )= i , i" .  1, i . .  , i")= i1y,

6 ' , r  =  
" r " r : i11 . ;0 ,  

6 , ' r  =  u rur  . i ' ' '  , ,  ' o

i n  a  C a r t e s i a n  b a s i s  -

A y  g e o m € t r y ,  t h e r e f o r e ,  i t  b e c o m e s  a b s u r d  l o  a s s e r t  6 1 ' )  = ? 6 .  b e c a u s e  b y

l i . l .  ( 1 4 )  t h i s  m e a n s  . i 1 r ) = ? 6 ,  i n  d i r e c t  c o n t r a d i . r  i ( , t )  w i t h  E q .  ( 1 5 ) .  T h i s  v r v i d l y

, ,dd  conc lus ive ly  demonst ra tes  tha t  the  s t : ! r )d . rd  r fp roach [13-16 ]  unnatura l l y

r  ( .c luces  iso t rop ic  space to  ä  p lane.

T h e  c l a s s l c a l  c o n n u t a t i v e  a l g e b r a  o f  r o r a l  j o n  g c n e r a t o r s  i s ,  v i t h i n  a

l rc to r  i ,  the  connuta tor  a lBebra  o f  a r  t lA r  D. ,ücn tur  opera tors  in  qüantuü

d , . l r a r i c s .  R e a l i z i n g  t h i s  i m n e d i a t e l y  l e a d s  r o  l  h ( .  q u a n r i z a t i o n  o f  t h e  m a g n e t i c
t  i e l d s  o f  t h €  p l a n e  v a v e  i n  v a c u o ,  g i v i r t S  r k  r r l i u l t ,

( 1 2 )

( r 3 )

( r 7 )

' l l r (  
n ; . I r r e t  i c  I i e t d  , n a t r i c e s  a n d

N o t e  t h a t  t h e  8 { r x ' r , , 1 ( ) r  . i ! r  i s  p u r e  i n a g i n a r y

r o t a t i o n  B e n e r r r { ' r : ;  i r r (  t h e n  l i n k e d  b y

6 1 , )  , r o ) , ? f l e i 0 ,  B t , \  =  - B t o t . j \ 2 1 . .  , 6 i , , )  -  i / r { o , j { r , ,  ( 1 4 )

6, , '  =  i s ro r : ia ( r 8 )

a repr :esenta t ion  \ r t , i ch  accounts  na tura l l y  fo r  lhc  l )h 'se ,  and wh ich  is  o f  key

i 'po i tan . .  in  recogn iz ina  tha t  the  conmuta t ive  a lgebta  o f  the  magnet ic  Par t  o f

e ree  sp" .e  e lec t roBagnet ism is  Pat t  o f  rhe  L i . )  a lFhra  [28  29 ]  o f  the  Lorentz

group; f  t l i t i kowsk i  spa .e  t ine  A L ie  a lgebra  is  tha t  o f  gen€ra tors  o f  a  s roup

ä " a  i r r e r " r " r e ,  D a g n e r i c  c o o p o n e n t s  o f  f r e e  s P a c e  e l e c t r o m a g n e t i s n  a r e  d i r € c r l v

Dropor t iona l  to  t :he  ro ta t ion  genera tors  o f  thc  l ,o ren tz  8 r :oup There fore '

r h c r e  6 1 "  a r e  n o w  o p e r a t o r s  i n  q u a n t u m  l i e l d  I h e o r y .  I n  p a r t i c u l a r ,  t h e

longi tudinal  operator  6 i ' )  is  the e1€mentary quantun of  magnet ic f lux densi ty in
rhe propagat ion axis.  We refer  to th is hereinaf ter  as the pioronagDeton.  I re

r . f e r  t o  t h e  e x p e c t a t i o n  w a r u e  o f  r l " r  a s  r h e  g h o s r  f i e l d ,  b e c a u s e  6 ' ' )  h a s  n o

I ' l a n c k  e n e r g y  t 1 0  1 2 1 ,  b e i n g  p h a s e  f r e e .  I n  c o n s e q u e n c e ,  6 r r )  i s  n o t  a b s o r b e d
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or  emi t ted  by  an  a ton  or  tno lecu le ,  and can be  de tecred  on lY  by  i t s  magnet iza t ion

of  na t te r  in  such phenomena as  the  inwerse  t fä raday  e f fec t  {20-26 l  The ghos t

f ie ld  i s  there fore  fa r  more  d i f f i c t r l t  to  de tec t  €xper imer r ta l l y  than the  ev€rvday '

o s c i l l a t i n g  6 1 r )  a n d  F r ' 7 ) .  T h i s  i s  p r o b a b L v  v h y  t ' )  h a s  r : o t  b e e n  c o n s i d € r e d  i n

e l e c t r o d y n a m i c s .  H o w e v e r ,  i t  i s  c l e a r  f r o m  E q .  ( 5 a ) ,  f o r  e x a m p l € ,  t h a t  i f  a i : '

t h e n  t h e  e x p e r i m e n t a L l y  o b s e r v e d  I 2 0  2 6 1  i n v e r s e  F a r a d a v  e f f ' c t  a o u l d

n o t  e x i s t ,  b e c a u s e  t h e  c o n j u g a t e  p r o d u c t  r ( r )  ! . 8 ( '  w o u l d  v a n i s h .  F i n a l 1 y ,  t h e

s o u r c e  o f  8 ( 3 )  i s  t h e  s a m e  a s  t h e  s o u r c e  o f  ! r l )  r n d  a ( t ) ,  a n d  6 r ' )  i s  d i r e c t l y

propor t iona l  to  the  angu lar  momentum o f  th .  P türon  th roü8h Eq (18c)  The

e i g e n v a l u € s  o f  6 r ' )  a r e  t h € r e f o r e  a 1 0 )  a n d  - t 1 0 )  T h c s e  a r e ,  o f  c o u r s e .  d e f i n e d

i n  t h e  l o n g i f o d t n a l  a x i s  ( 3 ) ,  i . e . ,  Z  o f  t h { r  ( l a r t e s i a n  b a s i s .  T h e  a s s e r t i o n

6 ! )  = )  6  i n  t h e  q u a n t u n  f l e l d  r b € o r y  i s  t h e r c { o r e  a b s u r d ,  b e c a u s e  i t  m € a n s  t h a t

t h e  e l g e n v a l u e s  o f  p h o t o n  s p i n  a r e  z e r o ,  u h . r e a s  t h c y  a r e  v e l l  k n o m  t o  b €  ' i '

a n  i r r e m o w a b L e  p r o p e r t y  o f  t h e  p h o t o n  [ 3 2 1 .

3-  t : lec t r i c  r ie lds  as  Boost  Gcneta tors

A n  e L e c t r i c  f i e l d  i s  a  p o l a r  v e c t o r  i n  l h r e e ,  E u c l i d e a n  d i n e n s i o n s ,  a n d

L r n l i k e  a n  a x i a l  v e c t o r ,  c a n n o t  b e  p u t  i n t o  a  l  x  l  m : t l : r i x  f o r m  s u c h  a s  e n b o d i e d

i n  E q .  ( 8 ) .  T h e  c r o s s  p r o d u c t  o f  t l ' o  p o l a r  v e c t o r s  i s .  h o v e w e r ,  a n  3 x i ä l  v e c t o r

i n  E t l c l  i d e a n  s p a . e .  r o r  e x a n p l e ,  t h €  p r o d u r t :

t , J - k  ( 1 9 )

p r o d u c e s  t h e  C a r r . : j i . n .  a x i a l ,  u n i t  v e c t o r  t ,  s h i . r h  i n  t h e  c i r c u l a r  b a s i s  i s

. ß )  I n  M i n k o u l k i  s p a c e  t i m e  t h e  a x i a l  v . , . 1 o r  , t  i s  k n o m  f r o m  t h e  a r g u m e n t s

i n  S e c .  2  t o  b c  a  / 1  r  4  m a t r i x ,  r e l a t e d  d i r e c t  l v  r o  l h e  r . o t a t i o u  g c n e r a t o r  . ? | ) ,

o f  t h e  l , o r e D l z  8 r o 1 1 p .  I l  f o l l o v s  t h a t  a  r o t a l  i o n  l ' , . n . r : r t o r  i n  s p a ' e _ t i m '  i s  t h e

r e s u l t  o f  a  c l . r s : ; i . . 1  c o m m u t a t i o n  o f  t w o  n a t r i . . s  | l h i . h  P l a v  l h e  r o l e  o f  p o l a r

v € c t o r s .  ! ' r o m  l l x ' w . l l  e s t a b l i s h e d  L i e  a ] 8 , e l , r a  , ' l  o l  t h e  g c n e B t o r s  o f  t h e

L o r e n t z  g r o u p ,  t l t  i e  m a t r i c e s  a r e  b o o s t  S e n e r r . o r s .  4  x  4  r . a l  m a r r i ' e s  T h e

e q u i v a l c n t  o f  E q .  ( 1 ' l )  i n  M i n k o l t s k i  s p a c € _ t i m .  i s  l l t r ' r ' . ' ( , r e

a n d  c y c t i c  p e r m u l  . t  i o L : ;
C a r t e s i a n  b a s i s  X ,  Y .

lk,. ktl = -i i ,.

I n  t h e  c i r c u l a r  b a s i s  ( l ) .

Z )  t h i s  c o m u t a t o r  a l  S . b f r

( 2 0 )

( 2 ) .  ( : l )  ( r a l h € r  t h a n  t h e
b e c o n e s  t h e  c y c l i c a l 1 y

' I here fore ,  
a l though po la r  vec tors  cannot  be  pur  in  a  ,nar r i x  fo r f l  in  Euc l idcan

space,  they  cor respond to  boos t  genera tors ,  4  x  4  na t r i ces ,  in  } I inkowsk i  space

T h i s  e s s € n t i a l l y  g e o m e t r i c a l  r e s u l t  l e a d s  d i r e c t l y  t o  t h e . o n c l u s i o n  t h a r
c lec t f i c  f ie lds  iD  space- t ine  are  propor t iana l  to  boas t  Eene.a tars  because
e L e c t r i c  f i e l d s  i l ,  E u c l i d e a n  s p a c e  a r €  p r o p o r r i o n a l  r o  p o L a r  u n i t  v e c t o r s .
Th€re fore  the  fundanenta l  geomet ry  o f  Minkovsk i  space l ime demands tha t  magnet ic
f  i e l d s  a r e  c o n p o s e d  o f  r o t a t i o n  g € n e r ä t o r s  ( i m a g i n a r y  4  x  4  n a t r l c e s )  a n d
e L e c t r i c  f i e l d s  a r e  c o m p o s e d  o f  b o o s t  g e n e r a t o r s  ( r e a l  4  x  4  m a t r i c e s ) .
l . u r t h e r m o r e ,  b o o s t  a n d  r o t a t i o n  g e n e r a t o r s  a r e  l i n k e d  b y  t h e  L i e  a l g e b r a  o f  r h e
l . o r e n t z  g r o u p ,  w h i c h  i s  w r i t t e n  o u t  i n  f u l 1  i n  t h e  f o l  l o w i n a  s . . t i o n .  I t  f o L l o w s
t h a t  e l e c t r i c  a n d  n a g n e t i c  f i e l d s  i n  s p a c e - t i m €  a l s o  i d r ' n  a  l , i e  a l g e b r a  o f  t h e
L o r e n t z  g r o u p ,  i n  a n y  s u i t a b l e  b a s i s ,  e . g .  C a r r e s i a r L  ^ '  r i r . u l a r  f o r  t h e  s p a c e
p a r t  o f  s p a c e  t i n e .  T h e  c i r c u l a r  b a s i s  i s  s u i t e d  n a t u r a l l y  f o .  s o l u t i o n s  o f
X a x $ e l l ' s  e q u a t i o n s ,  b e c a u s e  o f  t h e  f a c t  t h a t  t h e r e  i s  a  r j t h t  a n ( l  l e f t  c i r . u l a r
po la r iza t ion ,  mutua l l y  o r : thogona l  to  the  long i r  ud ina l  po la r iza t  ion  o f  the
p r o P a g a t r o n  a x r s .

l n  E u c l i d e a n  s p ä c p ,  F l e . r r i .  l i e l d  s o l u r  i . ' r s  r u  Y - x w ,  t l ' s  p q u . i r r o n s  d r e
. o n v e n t i o n a L l y  r e g a r d e d  a s  t h e  t r a n s v e r s e ,  o s . i l l . r o r y  . o , r ü L e r p a r t s  o t  E q s .  ( 6 a )

and (  6b)  .

Classical ReLttivistic Theory of the Longitulinal... 83

( ? t  )

( 22a )

( 2 2 b )

v . , ( : r o r s  o f  t he  c l r cu la r  bas i s ,

[ i ( 1 ) , f ( z ) ]  =  - i 6 G ) .  , 1 a "

t r ? ( , , ,  f 1 r ) l  =  - i ä r 1 ) .  =  - i c ) 1

I R ' 3 ) ,  r t 1 1 ) l  =  _ i 6 t l t '  + , j r t '

E @ = E : : e _ j J r - - , .
l2

srzt = ,4:1,1, i1,.  r+
'/2

rh ich  can be  v r i t ten  d l rec t l y  in  te r :ns  o f  the  un i r

! ( 1 )  =  E ( 0 ) e ( 1 ) e i { ,  ! ( r )  _  l L - 1 i , € ( 2 ) .  i , !

l n  M i n k o v s k i  s p a c e  t i n e ,  t h e  e q u i w a l e n t s  a r .  r h e r ! l o r c

(23)

E n )  =  E t o )  k r )  e t l ,  E n t  -  r  t a t  R \ / t  e  ) r

( ' l h e  p h a s e  O  i s  a  L o r e n t z  i n v a r i a n t  [ 1 3 ] ,  a n d  r e m a i r r s  t h e  s a m e
I t u c l i d e a n  s p a c e .  )  T h e  b o o s t  g e n e r a t o r s  a p p e a r i n g  i n  E q .  ( 2 4 )
(  i  r c u l a r  b a s i s ,

( ) , 4 )

i n  s p a c e - t i m e  a n d

a r e  r r l l t e n  r n  a
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6  ( r )  =  i r  r o ) j l r )

i , ,  terms of  the inaTinary rotar ioe Senerator  i1 ' ) .
Dust  be def ined as

r r  t e r : n s  o f  t h e  r e a i  b o o s t  g e n e r a t o r  t 1 ' ) .

In  the  n€x t  sec t ion ,  we lD : i te  oü t  the  conPl . te

ragnet ic  f ie lds  in  the  Lorentz  g roup.

85

(28)

It follows that ttre inaglnary iE\1J

[ 0  0  0  1 l
p ' ' ,  =  ! l  o  o  o  - i  

l .
" r l 0  

o  o  o  l
[ - 1  i  0  0 l

f  o  o  o 1 l

-,,'=;l: : :;1,
L - 1  - i  0  0 l

( 2 s )

Euc l idean

<26)

and correspond to the conPlex,  polar ,  uni t  vectors €(r)  and €{ 'z)  ln

ßy reference to the Lie comutator  a lgebra (21) i t  is  c lear

c o m m u r a r i o n  o f  f , ( , )  a n d  i 1 , )  i s  J ' 3 )  =  i 1 r ) r ,  ä  r . o r a c i o n  g e n e r a t o r ,

proport ional  to a naTnet ic f ie ld.  The equival€nt  r :esul t  in Eucl idean

e { 1 )  x 6 c )  -  j 6 ( r )

I t  is  not  possib le to forn an elecl r ic  f ie ld f rom the cross product  of  ! (1)  and

! o ) a n a t t h i s c o n f o r n s v , , i t h f u n d a n e n t a l s v m m e t r v [ 1 0 1 2 ] T h e q u e s t i o n t h e r € f o r e
. ' i " " "  

""  
. "  {hat  is  the electr ic  f ie ld propor: t ional  to the th i rd boosl  gene'ator

Rtr)  of  Mlnkovskl  space-t1ne,  or  equivalent lv ,  the polar  vector  *  of  Eucl idean

"p"." .  
fn" t  there mr-rst  be a longi tudinaf  e lectr ic  component is  c lear f rom both

: lo a.a a- l  geonetry,  and f rom the Maxvel l  equat ion in vacuo Vt=0'  th is

."^p. . "" .  oust"b" pha. .  f ree.  By vr i l ing out  th€ longi tudinal  rotat ion and boost

t;rl J o  o  o  o l

-'=l:: : ll.
l o  o  1 o l

(2e,

L ie  a lgebra  o f  e lec t r i c  and

4. The Lie Algebra of Electric and ltagnetic Fields in thc l.orentz croup

The comple te  L ie  a lSebra  o f  the  boos t  and ro ta t ion  gcner i ro rs  o f  the

l . o r e n t z  S r o u p  c a n  b e  v , , r i t t e n  i n  a  C a r t e s i a n  o r  c i r c r l l a r  b a s i s  a s  f o l l o t s  I n  a

, r , r t e s i a n  b a s i s  I 2 9 l  .

,l; <21 '

[  
0  0  0  1 l

^  t 0  0  0  0 lK * = J  o  o  o  o l ,
I  r  o  o  o l

[ 0  0  o  o l
^  t 0  0  0 1 1( = i n  o  o  o l '

I
l 0  

- 1  0  0 l

.l::::l
" ,  l n  o  o  r l '

L 0  o  1 o l

o l  f  o  o i o l
0 t  ,  t 0  0  0  0
0 l  - ' l - i o o o l
0 l  [ 0  0 0 0 1

[ o  r  0  0 ]
^  l i  o  o  o l, , , - l o  o  o  o l ,

l 0  0  0  0 l

I::"
" ' = [ :  

;  :

IJx, 
jvl-  i3,,

l k x ,  kv ) -  - j i , .

IR-, 3,) = ik",

Ikx. ix) = a,

be su' iar ized concisely

a n d  c y c l  i c  p e r m u t a t i o n s ,

( 3 0 )

i t  i s  seen tha t  th€  fo rßer

fo l loss  tba t  there  are  t1 'o

) .

ls  pure inaginary and the Iat ter  is  pure real  I t

p o s s i b i l  i t i e s  i

that  the longi tudinal  61' )  is  pure real  and the Long, i tudinal  iEl r '  is  pure

imaglnary;

t 2 e  I  a s .

C h o i c e  ( r )  f o l L o w s ,  h o v e w e r ,  f r o n  a  c o n s i d e r a t i o n  o f  t h e  n a t u r e  o f  t h e  u n l t

wec tors  o ( l t  ,  € ( r )  and €(3)  o f  the  c i rcu la r  bas i  s  (7 )  '  in  vh ich  t t 'e  ax ia l  € t ' l

i s  pore  rea l ,  and eg t la i  to  the  rea l  '  Car tes iaD ax iaT t  F rom Eq (6c)  '

. r ' r i i p ry i . ,g  th is  rea l ,  ax ia1 ,  un i t  vec tor  by  the  ampl i rude a(o)  (a  rea l  sca la r )

z1-ves  a  rea l  aG '  in  Euc-L  dean space,  and a  rea l  61 ' )  in  space- t ine  T l i s  rea l  6 ( ' )

i s  there fore  de f ined as

( 3 r )
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3n,0,, u =0,

and displayed as the 4 x 4 ant isynuletr ic  natr ix  of  matr ices '

f o  J i  3 ,  k ,
J. o J. -R,

"- '  l-;, a o -&
l * '  4  4  o

, a, {:l:
t : ,  =  , , , , j ,  

G,  j ,  k  _  1 .2 .3 ) ( 32  '

( 3 3 )

( 34)

( 3 s )

The ant isymmetr ic  st ruclure

net ic  tensor 4,  of  sPecial

of  4"  is  renin iscent  of  the wel l  knorn electrooag-

r e t a t i v i t y  ( t h e  f o u r - c u r l  o f  A r ) ;  v h i c h  i n  S . I

a cBt cBz iE\

cB, a cBr iE2

-cBz c4 o - iEj

iE \  iEz  i4  o

where €o is  the per:n i t t iv i ty  in väcuo. By compar ing Eq (34),  vhi 'h is  a natr ix

of  Aucr idean space f ie ld vector  conponents,  I t i th Eq (33),  a nätr ix  of  Minkowski

boost  and rotat ion genera!ors,  i t  becomes int tL i t ively c lear that  there is  a

r€lat ion between electr ic  and nagnet lc f ie lds and boost  and rotat ion generators

of  the type developed in Secs.  2 and 3 We cone to see that  the Max$el l

e q u a t i o n s ,  t s o  o f  r r h i c h  t 2 9 l  c a n  b e  t r i t t e n  a s ,

-5- "

where  x f  -  \X ,  Y ,  z ,  i c t )  ,  a re  te la t lons  be tween boos t  a rd  ro ta t ioD SenPra törs  wh ich

can be  v r i l ten  fo rmal ly  as

In coopar ins 4,  of  standard electrodynamics I29l  wi th 4,
r e l a t i v i t y ,  v e  s e e  t h a t :

1.  4,  a l ready äccounts for  the fact  Lhat  in general '  there ts a real

( 36 )

of standard special

Classical Relatiristi. Theory of the langiludinal.,,

longi tadinal  cB, and an inaginary longi tudinal  i t l  These are obviously

n o t  s € t  t o  z e r o  i n  E q .  ( 1 4 ) .  T h e  F n "  m a t r i x ,  d e v i s e d  b y  E i n s t e i n  i n  1 9 0 5

[ 3 3 ,  3 4 ] ,  c o n t a i n s  c o m p o n e n t s  a l t  o f  v h i c h  ä r €  v a l i d  s o l u t i o n s  t o  M a > ( v e l l ' s
equat ions,  inc luding the longi tudinal  solut ions car and i .E|  These
conponents are not  zeio in wacuo, because they are t led to the t ransverse
components through fundamental  space-t ime geonetry.

2.  From a compar ison of  e lemenls of  F",  and t"  i t  becones c lear thät  i f  the
electr ic  f ie ld components can be convel ted to boost  generators,  and lhe

magnet ic f ie lds to rotat ion generators,  4,  be<iomes direct ly  proport ionäl

In order to d€ronstrate th is proport ional i ty  we n€ed to r ransfer  to ä
ci rc l l lar  basls,  because plane vave solut ions of  Maxwel l 's  equat ions are
v r i t t e n  n a t u r a l l y  i n  a  c i r c u l a r  b a s i s ,  n u l t i p l y i n g  a  p h a s e  f a c t o r .  I t  i s
a l s o  n e c e s s a r y  t o  c o n v e r t  t h e  e l e c t r i c  a n d  n a g n e t i c  f i e l d  . o m p o n e n t s  i n  E q .
( 3 4 )  f r o m  E u c l i d e a n  s p a c e  t o  M i n k o w s k i  s p a c e - t i n e .  T h i s  i s  p r € c i s e l y  w h a t
h a s  b e e n  a c h i e v e d  i n  S e c s .  l  a n d  2 .  S p e c i f i c a l l y ,  t h e  e q u i v a l e n r s  o f  E q -
(30) of  the cartesian basis are given in the c i rcular  basis ot  Eqs (7)  by
E q s .  ( 1 5 ) ,  ( 2 s )  a n d  ( 2 7 ) .  I n  t h e  c i r c u l a r  b a s i s ,  E q s .  ( 3 1 )  b c c o m c :
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I J ' 1 )  ,  i o ) ]  =  -  i r ( 3 ) . ,

l f  r 1 ,  .  i ' , ) l =  j 6 l l ) , ,

I f  
( 1 )  ,  €  a ) ]  =  - j t r 1 r ) ' ,

[ F ' ] '  .  J ' r ) l =  o .

i 6 l r  )  i  =  J ( 1 ) t ,

i c a )  =  3 1 ' z ) ,

In terns of  e lectr ic  änd
I  (  onetr icaL re lat ions can also
LDpt icat ion a Lie a lgebra of  the

{ 6 1 , ) ,  6  ( , ) l  =  i ,  ( o ) 6 1 t r )  ' .

I t 1 1 )  ,  r  " , ]  =  j s  ( 0 , ( j t  
" , ) ,

l f  
( ' ) ,  6 ( 1 ) l =  o ,

and cycl  ic  pernutat ions,

_  i 6 t ) t .  -  3 \ , 1 . ,
- j 6  ( r )  =  J , 1 )  /

( 3  t ,

(38  )

m a g n e t i c  f i c l d s ,  t h e s e  c y c l i c a l l y  s y m e t r i c

be  ' r l t ten  as  a  compLcte  a lgebra  'h ich  is  by

Lorentz  g roup,

and cyc l  i c  permuta t ions ,

G n ) ,  E t , ) l  -  _ i E \ o ) z a  G ) r  _  _ i c 2 B ( 0 ) 6 ß ) . ,  e r c . ,

( 3 9 )
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T h e s e  r e l  a t i o n s  d e n o n s t r : a t e  t h a t  t h e  a s s e r t i o n  i  
' ' )  = ?  i i  [  ] 5 I  i s  r e l a L i v i  s t i c a l l y

j n c o r r e c r .  A l t h o t l g h  t E  r )  i s  i m a g i n a r y ,  i t  t o o  i s  n o t  z e r o .

I ü  o r d e r  t o  o b t a i n  t h e  r i a o r o u s l y  c o r r c c t  f i e l d  a l S e b r a  i n  4 ' D ,  t t q s .  ( : 1 8 ) ,

i n  t r e e  s p a c e  t r m e .  r t  1 s  e s s . n t i a l  t o  1 1 s .  t h e  f u n d a m e n t a l  g c o m e t r y .  E q .  ( 3 7 )

v r i t t e n  i n  t e r m s  o f  b o o s t  a n d  r o t a t i o n  8 e n e r a t o r s .  T h c  f o l L o v i n B  r : e l a t i o n s

b e L r r e e n  f i e l d s  a n d  g e n e r a t o r s  m u s t  L h c n  b c  s u b s t i t u t e d  i n t o  E q s .  ( 1 7 )  t o  o b t a i n

E q s .  ( : 1 9 ) ,

Classical Relalivistic Theory of the Longitudinal...

, a t e r i a l  ,  b u t  t h a t  i r ( 3 )  w i l l  n o t  p r o d u c e  c l . c t r i c  p o L a r i z a L i o n .  T h i s  c o i l f o r m s
i i t h  v h a t  i s  a v a i l a b l e  e x p e r i m e n t a l l y  t o  d a t e  o n  t h e  n a g n e t i z i n g  e f f e . r c  o f

i g h t .  T h e  i n v e r s e  F a r a d a y  e t f e c t  1 2 0 - 2 6 1  f o r  i n s r n r c c  c a n  b c  s h o r n  L 7 l  t o  b e

l r r e c t l )  p r o p o r t l o n a l  t o  r B i 0 i a { 3 )  = a { r )  x ! ( 2 )  a t  : ; e . o  d  o r d e r  i n  B r 0 ) ,  t h e

f r 8 n i t u d e  o f  l I ' ' .  T h i s  s h o r s  e x p e r i m e r t a l l y  r h .  r  a r r )  i <  n . t  z e r o ,  a n d  t h a t

,  i f e c r s  d u e  t o  t ß )  a r e  e x p e . t e d  ä  p r i o r i  a t  l i r s r  ( ) r ( l . r  f 1 0 - I 2 1 .  t I  a t ' )  ! , e r c
. c r o ,  t h e  i n v e r s e  l a r a d a y  e f f e c t  v o u l d  n o t  e x i s t  c : f . r  i m ( . n f a l 1 y ,  a n d  f u n d a m e n t a l

) l ( . o n e t r y  r o u l d  b e  i n v a l i d a t e d .  T t  r e m a i n s  t o  b .  : i . {  ' ,  (  r p . r i m e n t a l l y  w h e t h e r

B G '  c a n  a c l  a t  f i r s t  o r d e r -  T h e r .  a p p e a r s  a t  p r . s . r r  r o  l N ,  r o  . e a s o n  v h y  n o t ,
, n d  s u c h  a n  e f f e c t ,  p r o p o r t i o n a l  t o  r h c  s q u a r e  r o o t  o l  i n r . n s i l r " ,  w o l 1 l d  a p p e a r
L r  t h e  i n v e r s e  F a r a d a y  e f f € c t  u n d e r  s u i t a b l e  c i r c ü m s l , , , ( , : j .  , , a n e 1 y  i n  m a r e r r a l

r r  t h  a  e t  D a g n e t i c  d i p o l e  m o m e n t  [ 1 0 ] .

T b €  g h o s t  f i e l d  i l @  i s  i n a g i n a r y  a n d  u r p h y s i c a l  I . , r  r  l r i s  r c a s o n ,  a n d  n o

, l . c t r i c  p o L a r i z a r i o n  d u e  t o  i f { 3 )  c a n  o c c u r .  I n d e e d ,  t o  d , t r ( , .  f ^  l a r g e  f l r c r
, i d e r  p o l a r i z i n g  e f f e c t s  o f  t h i s  n ä t u r c  h a v c  b e e n  o b s c r v { , ( l  . x t ' ,  r i I n c n l a l l y .

B o t h  . B ( 3 )  a n d  i A ( 3 )  a r e  p h a s e  f r e e ,  a n d  i n  t h e  q t r a l r t u r  t h ( ( ) r v  h a v e  n o
I ' l n n c k  e n e r g y ,  b e i n g  a s s o c i a r e d  s i r h  n o  f r e q u e n c y .  T h e y  . r . ,  r r c r  r h . r e f o r e

, b s o r b e d  [ 1 0  1 2 ]  b y  a n  a t o r n  o r  m o l e c u l e ,  a n d  c a n n o r  b .  d c t c . l , ( l  l ) v  o f d i n a r y

r f c h n i q u e s  o f  s p e c t r o s c o p y  s u c h  a s  j n f r a  r e d  o r  R a m a n .  T h e  i  i e l ( l  a r "  . a n  b e
L . t e c r e d  o n l y  i n  a  d i f f i c u L t  e x p e r i m e n r  s u c h  a s  1 . h e  i n v e r s e  l a r n d a v  { , 1 1 ( ( l .  o r

n  r e i a t e d  p h e n o m e n a  s u c h  a s  l i g h t  s h i f t s  [ 3 7 ] ,  t h e  o p t i c a l  F a r a d a y . l l ( . . r  J 8 ] ,
, r  l i g h t  i n d u c e d  s h i f t s  i n  N M R  1 3 9 I  .  T h .  i n v c r s e  l i a r a d a y  e I J . ( : r  i i ;  ( l , L ,  r  o

i r ( o ) 8 ( ' )  = ! ( ! )  ! 8 ( t )  a t  s e . o n d  o r d e r  a s  w e  h a v e  s e e r ] .  I f  c a r e t u l  1 u l 1 r r .

x , ,asurements  on  the  inverse  Faraday  e f fec t  shov  tha t  8 t3 )  cannot  ac t  a t  I  r rs r

, r d e r ,  i t  d o e s  n o r  f o l l o v  t h a L  a ( 3 )  i s  z . r o .  h . . a u s c  t h a t  r o u l d  $ . , r i  r l , : , 1

i r r ( o ) a ( r )  i t s e l f  r o u l d  v a n i s h ,  c o n t r a r y  t o  e x p e r i ( , n . .  A  p o s t u i a t e d  i n a b i  l i r y

, l  l ( 3 '  ! o  ä c t  a t  f i r s t  o r d e r  n i g h t  m e a n .  f o r  c x a m p l . .  t h a t  i t  t a k e s  L w o  m o o . s ,
l )  a n d  ( 2 ) ,  t o  d e f i n e  i t ,  n e e d i n g  l i g h t  t o : r . r  a r  t i r s t  o r d e r  i n  i n t e n s  y

: r e c o n d  o r d e r  i n  t h e  ä m p l i t u d e  a L 0 )  ) .  H o v e v c r ,  r  l r ( : ; .  m a t t e r s  n u s t  b e  s e t L l e d  b y
l , r r ther :  ca ie fuL  exp€r i  menta t i  on .

I r e e  s p a c e  e l e c t r o m a g n e t i s m ,  b y  c a t r s a l  i r y .  ( ) r i g i n a t - . s  i n  a  s o u r c t l

n ) f in i te ly  removed f ron  the  vacuum.  The sourc .  i s  lhd .  r rp  o f  charged parL ic lcs

, , ,d  cur : ren ts ,  fo r  exarop le  nov ing  e lcc t rons  wh i .h  ra ( l i r rc .  fhe  source  g ives  thc

i f e e  s p a c e  a m p l i r u d c  s 1 0 )  = c B 1 0 )  i n  S . I .  u n i t s .  I J  t h { ,  n a t u r : e  o f  r h e  s o t , r c e  i s

h a n g e d  s o  t h a t  t h e  s i g n  o f  B ( 0 )  i s  r e v e r s e d  ( c . 8  b v  r c | t a c i n g  t h e  e l e c t r o n s  b y

t o s i t r o n s )  i t  i s  c l e a r  f r o m  E q s .  ( 1 9 )  t h a t  a / /  s i x  I  i ( , l d  . o m p o n e n t s  a r e  c h a n g e d
i , ,  s i g n  p r e c i s e l y .  T h i s  p r o c e s s  i s  n o t  c q u i v . l ( r ) r  t o  a  p h a s e  s h i f t  ( a  c h a n g e  i n

, ! )  b e c a u s e  i n  a  p h a s e  s h l f t ,  t h e  s i g n  o f  t 1 0 )  i s  n o l  c h a n g c d .  ( l n  o t h e r  w o r d s

r l r .  c h a r g e  c o n j u g a t i o n  o p e r a t o r  d ,  b y  d e f i " i r  i . t 1 ,  . h a n g e s  t h e  s i g n  o f  a ( o )  b u t

L o t  o f  0 ,  b e c a u s e  t h e  l a t t e r  i s  a  s p a t i o  t c m p o r a l  q u a n t i t y  [ 4 0 ] . )  I f  i t  i s

f g u e d  [ 3 5 ]  r h a t  t h e  c h a n g e  E r 0 )  t o  I l 1 0 )  r e s u l t s  i n  . B ( : )  ? 0 ,  t h e n  i t  m u s t  a l s o

,  r ' su l t  in  aG)  -?  o  and ! (2 )  =?  o  .  Th is  a rgunenr  I  : l5 l  ,  wh ich  is  €qu iva len t  to  rhe

f roneous asser t ion  tha t  A(3)  v io la t€s  a ,  rherernr "  l cads  tö  rhe  d isappearance
.  t  e lec t ronagnet isn .  ln  the  pres€nce o f  e lec t romagn€t isn  in  vacuo,  th is  i s
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E a '  =  - B o t  j  t , t  e  i ö

6 ß )  :  r ! ( o ) ! i l , i

i L 1 )  =  E ' o ) r Q  l r ) . p  r ö ,

E t , )  _  E t ü  k t , )  e  , 4 ,

t E t ) ,  -  i E t a t  k \ ) t  .

b , , \  =  E  0 r J  1 , c  0  l E r i i Ä i 1  e l o

A ( 3 )  = e o j E ( ! ) . i A o ) +  1 , , ! ( t )  B ( ! )  O

(40 )

T h e s e  r e l a r  i o n s  ( n r r h r s i z e  t h a t  j i 1 ' )  i s  p r r r .  j m a t i l r a r y  a n d  6 r '  p u r e  r e a l .  I n

E u c l i d e a n  s p ; , . . .  t h e y  r e d u c e  t o  i t G )  a n d  , B ( r ) .  i o : , 8 i n a r y  p o t a r  a n d  r e a l  a x i a l

v e c  t o r s  r e s P ( . 1  i v (  l Y .

I t  i : r  . r i l i c a l l y  i m p o r t a n t  t o  n o l .  t l , r l  l h e  c L a s s i c a l  e l e . t r o m a g n e t i c

e n e r g y  d e r s i r y  i n  v a c u o  1 3 6 1 ,

(  4 1 )

I n  o t h e r  w o r ( t s .  l l , .  c o r r e c t  c o n b i n a t i o n  0 1  i a r r )  r , ü  a ß )  a d d s  n o t h i n g  t o  t h e

R a y l e i g h  J e , n : i  l r u .  a  c L a s s i c a l  l i n i t  o f  i h .  l ' l r r i . k  r a d i a L i o n  1 a r .  T h i s  i s

a n o t h e r  v i v i d  d ( . m o n s t r a t i o n  o f  h o w  t h e  e x i s t . r ! .  ( ) l  8 ( t  a n d  i E ( 3 )  h a s  b e e n  b y

p a s s e d  i n  e 1 e . l  r o n r a t n . t i c  t h e o r y ,  s o  t h a t  i t  h a s  b . . o m e  h a b i l u ä ]  t o  n e g l e c L  t h e n .

R e c e n t  c o m e n t s  i n  t h c  l i t e r a t u r e  [ 3 5 ]  c o n t i N r c  ! o  a s s e r t  e r r o n e o u s l y  t h a t

! | ( 3 )  = ) 0 ,  a n  a s s . r t i o n  t h a t  m a k e s  n o n s e n s e  o r r t  o f  f u n d a m e n t a l  g e o m e t r y .

E q u a t i o n  ( 4 - L )  i s  o n c  l L t u s t r a t i o n  o f  w h y  a ( t  i s  a  g h o s t  f i e l d .  l t s

i n f l u e n c e  c a n n o t  b c  d e t e . t e d  t h r o u g h  m e a s u r e m e n t s  o f  l i g h t  i n t e n s i t y  l e d d j n g  t o

the  Ray le igh  Jeans  1aw.  Fo l lov ing  the  ru le  tha t  rea l  f ie lds  a r€  phys ica l ,

imag inary  f ie lds  a re  unphys ica l ,  i t  i s  cxpec ted  lha t  a ' '  w i l l  magnet ize
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o b v i o u s l y  n o t  t r u e ,  a n d  t h e  a r g u m e n t  f a i 1 s .  W e  c a n  s e e  t h i s  c l e a r l y  f r o m  E q s

( 5 ) ,  f o r  e x a n p l e ,  w h i . h  ( : o n s e r v c  a .  ( T h e  a  s Y m n e t r y  o n  b o t h  s i d e s  o f  a l l  t h r e e

E q s .  ( 5 )  i s  p o s i  I  i  v e .  )
O n  t h e  m o s t  f u n d a  e n t a l  L e v e 1 ,  e L e c t r o m a l , n e t i c  t h e o r y  r e q u i r e s  a  s i g n  t o

b e  ä l 1 o c a t e d  t o  l : h e  c h a r g e  o n  t h e  e l e c t r . o n .  i  e  .  e  i s  n e g a t i v e  b y  c o n v e n t r o n '

I n  t h e  s a m e  w a y ,  t h e  e q u a t i o n s  o f  e L e c t r o d v n a m i c s  l B p l i c i t l y  a t t a c h  a  p o s i t i v e

s i g n  t o  a r o )  ( o r  t o  ! l  o ) ) .  l t  i s  a s s u m e d  t h a t  I r e e  s P a c e  e l e . t r o r a g n e t i s m  h a s

l . n "  g . " . r o t . a  b y  a n  i n f i n i t e l y  d i s t a n t  s o u r c e  i n  s u c h  a  w a Y  t h a r  t h e  s i g n  o f

l ] l o )  i s  p o s i t i v € .  T h e  e q u a t i o n s  l r o r k  e q u a l i y  v e l l  v i t h  a  n e g a t i v e  B 1 i )  b u t  b y

c o n v r n t i o n ,  1 r ' o )  i s  p o s i t i v e .  A t  t h e  n o s t  b a s i c  1 € v e l  t h i s  m e a n s  t h ' t  e v o l u t i o n

i n  t h e  u n i v c r s e ,  a n d  i n  o u r  s o l a r  s y s t e m ,  h a s  b e e n  s u c h  t h a t  e  i s  n e g a t i v e  a n d  ' B r 0 )

i s  p o s i t j v e  I t  - i s  p o s s i b l e  r o  a o r k  t h r o u g h  a L l  t h e  e q u a t i o n s  o f  e l e c t r o d y n a ß i c s

e i t h  ä  p o s i t i v e  e  a n d  a  n e g a t l v e  E 1 0 ) ,  b u t  t h i s  p r o d u c e s  a  u n i v e r s e  c o m p o s e d  o f

an t i  Ea t te r ,  and a  source  o f  f rce  space eLec t ronagneL ism rnade o t  an t r -na t te r :

t t  r€mains  t rue ,  however ,  tha t  i I  a  sourcc  were  ava i lab le  in  the  labora tory

t h a t  p r o d u c e d  a  n e g a t i v e  d 1 0 ) ,  t h e  s i g n  o f  r c )  w o u l d  b e  o p p o s i t e  f r o m  t h a t

p r o . t u c e c t  b y  a  s o u r c e  g i v i n g  a  p o s i t i v e  B r o )  I o r  t h e  o f  c i r c u l a r

p o l a r i z a t l o n .  T h i s  c l e a r l y  r e q u j r . s  t h e  u s c  o f  t t o  d i f f e r e n t  s o u r c e s ,  o n e  n a d e

u p  o {  n r o v i n g  € l e c t r o n s ,  t h e  o t h e r  o f  n o v i n e ,  P o s i t r o n s .  A n y  f i r s t  o r d e r  e f f e c t

o f  r { t  i n  t h i s  c a s e  v o u l d  b e  o P p o s i r e  i n  s i g n  f o r  t h e  t v o  d i f f e r e n t  s o u r c e s '

E t f e c t s  ä t  s e . o n d  o r . l e r  i n  E 1 ' )  w o u l d  n o t  b e  c h a n g c d  i n  s i g n .
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Chapter 9

IIIE UACNETIC TIELDS AND ROTATION GE}IERATORS O}'}RAE SPACE ELf,CTRO}'AGITETIS}'

M .  W .  E v a n s

lr  re lat ion is  developed between rotat ion generators of  the Lorentz group and
r  l r c  n a g n e t i c  f i e l d s  o f  f r € e  s p a c e  e l e c t r o m ä g n c t  i s m .  U s i r i g  t h e s e  c l a s s i c a l
L I l a t i o n s ,  i t  i s  s h o m  t h a t  i n  t h e  q u a n r u n  l i c t d  t h c o r y  t h e r e  e x j s t s  a
l .ngi tudinal  photor0agneton,  ä qüant ized nagnet ic fLux densi ty operator  which is
Li rcct ly  proport ional  lo the photon spin angular  nomentun.  Comutat ion re lat ions
rc g iven in the quantur f ie ld between the longi tudinal  photoBagneton a.d thc

L. i ,1a1 t ransverse nagnet ic components of  quant iz.a l  e lectronagnet ism. Thc
L)ngi tudinal  conponent is  phase f ree,  Lhe t ransvcrse conponents are phase
Lt pend€nt.  Al l  thr :ee coDponents can magnet ize mater ia l  in general ,  büt  only fhe

colDponents contr ibute to Planck's Ia!  The photon thereforc has
i l l r e e ,  n o t  t r o .  r e l a t i v l s l i c a l l y  i n v a r i a n t  d e A r c e s  o f  p o l a r i z a t i o n ,  a n  a x i a l .
l , , d g l t u d i n a l ,  p o l a r i z a t l o n ,  a n d  t h e  u s u a L  r i e , h r  a r x l  l e i t  c i r c u l a r  t r a n s v e r s .
r " ) l a r i z a t i o n s .  S i n c e  t h e  l o n g i t u d i n a t  p o l a r i z a r i o r  i s . r x i . r 1 ,  i t  i s  a  p h a s e  f r e .
, , 8 n e t i c  f i e l d .

L lntroduction

I n  c o n v e n t i o n a l ,  c l a s s i c a l  ,  e l e c t r o d y n a n i c s
i r L y  t h e  t r a n s v e r : s e ,  o s c i l l a t i n g ,  p h ä s e  d e p c n d . n r
l rne wave in f ree space.  The l ransverse magncr ic

' !o or thogonal  e lectronagnet ic modes or  compon€int  s
|  4 1 ,

i t  i s  c u s t o n ä r y  t o  c o n s i d c r
components  o f  a  t rave l l ing

conponents  can be  wr i t ren  as
i n  a  c o n p l e x .  c i t c u l a r  b a s i s

De =  P : l  t i r *  J )  e tö ,

E u '  =  4 l l  t J t . ' n , s o r  =  {  1 y * 1 1 1 "  , a
a

' i ', ( 1 )

" i r ( , r e  O = c ) t - x !  i s  t h e  p h a s e .  c o n p o n e n t  ( l )  i s  t h e  c o m p l e x  c o n j u g a t e  o f
)mponent (2) .  Here I  and J are uni t  v .ctors in the X and Y axes of  th€

. , l ) o r a t o r y  f r a n e  ( X ,  Y ,  Z ) ,  n u t u a l l y  o r t h o g o n a l  t o  t h e  p r o p a g a t i o n  a x i s ,  Z ,  o f
' l ) . .  p lane nave.  Here c)  is  the angular  f requency in radians per second at  an

Lstant  of  t ine,  t .  änd x th€ vaweveclor  in inverse meters at  a posi l ion !  in
lL(  Iaborator :y f rame. I4odes (r )  and (2)  are both solut ions of  the f r€e space

' I  L x { e ] 1  e q u a t i o n s .  C o r r e s p o n d i n g l y ,  t h e r e  a r e  o s c i l l a r i n g ,  t r a n s w e r s e ,  e l e c t r i c
I  L (  ] d s .  u s u a l l y  u r i t t e n  a s .

( 2 )
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i n  t i r c  s a m e  n o t a t i o r .  I n  r i q s .  ( 1 )  a n d  ( 2 ) ,  E r 0 )  i s  t h e  s c a l a r  m a g n c L i c  f l u x

d e n s i t v  a m p l  i t u d e .  a n d  l ' r o i  t h .  s c a l a r  e l . c t r j c  f j e l d  s t r e n g t h  a m p l i t u d c

T h e s e  f i c t . l s  ( : o n s t i t u t .  r h e  w e l l  k l o w r )  . l a s s i c a l  } 4 a : v e l l i a n  d e s c r i p r i o n  o f

e L c c t r o d v n a n i c s  i n  1 r . c  s p a . e .  a  d e s c r i p t i o n  i n  t h i . h  t h . r c  a r e  o n l y  t w o  d c g r e e s

o l  p o l a r i T a t i o n .  i . . . .  i n  a  c i f c u l a r  ( o r  c u r r e s i a n )  b a s i s '  o n c  ( l o n g i t u d i n a l )

d e g r c e  o f  p o l a r j z a t i o r r  i s  m i s s i n g  l h i s  i s  c : r s i l Y  s e c n  b v  c o n s i d e r i n g  t h e

f o l l o v i n g  . i r . u L a r  r . p r e s e n t a t - L o n  o f  t h . . .  d i o € r n s i o n a l  s p a c e ,

e n t  !  ( 7  i 1 ) ,  e t 2 ' I  t t , ; l t  ,  € ( 1 )  x € r ' )  = j € ( ! ) : i l ,  ( 3 )

v h e r e  l ,  J ,  a n d  t  a r c  C a r t e s i a n  u n i l  v € ' . l o r ' : i ,  d . f i n e d  b y

( 4 )

T h e r e f o r c  i f  I  a n d  J  a r - .  p o L a r ,  r  i s . x i i t l i  i l  I  a r  J  a r e  a x i a L .  r  i s  a t s o

a x i a l  .  I n  t h e  r : c p r e s e n t a t i o n  o f  t r a n s v c r s . . l e . r r i c  f i e L d s  ( B q s  ( 2 ) ) ,  I  a n d  J

a r .  f o L a r i  f o r  t r . l n s v o r s e  m a g n e t i c  f i . l . i : i  ( l i q s  ( 1 ) ) ,  l : 1 ! i d  J  a r F  a r i a l  T h €

L l n i t  v . . t o r s  d { r ) ,  e ( ' ] )  a r r d  € { t  i n  t h c  . i , ( : " l a r  b a s i s  f o r m  t h e  . y c L i c a l  a l € : c b r a '

( 5 )

s o  t h a t  i f  a n v  o . .  i s  z e r o ,  t h e  o t h e r  r s ( )  r ) l s o  l a n i j i h  l h c  b a s i c  e l e c t r o -

d v n a m i c a l  n o l  i ( ) r ,  l h a t  t h c r : e  c a n  b e  o n l Y  ( w !  ( l c I r . { ' s  o l  i i t l d  p o L a r i z a t i o n  i n

t h r e e  . i i n . n s i ( ) , , a 1  s p a c e  i s  t h c r e f o r .  8 ( o r n . r r  i . a l  n o l r s . n s c  T h i s  s i m p l e

i l i u s t r a l i o n  l r a r r s l a t e s  i n t o  v J e l l  k n o a n  !  l u n d a n r . r ' r t a I  d i l t i ' u l t i e s  i n  t h e

t h € o r )  o f  e L . . l  r ( l r a S n e t i s m .  I n  t h e  r e q u i r e d  l s n l ; r r a t . r  o f  s P c ( : i a l  r ! l a t i v i t y '  t h e

e l e c t r o m a g n e l i .  i o u r  p o t e n t i a l  Ä p  l o s e s  m a r r i l . : ; l  . o v r r i a n c . .  o r \ l Y  t u o  o ü t  o f  i t s

f o u r  c o m p o n . n l  s  a r € ,  P h y s i c a l l y  m e a n i n g t r r l  .  . r n l  s i D c c  n r  i s  k n o w n  L o  b e

p h y s i c a l l y  r n i : a r r i r t g i u l  t h r o u g h  t h c  B o h m  ^ h a r o n o r '  f i  1 . . r  l 6  t h i s  i s  o b v i o t r s l v  n o t

ä  s a t  i s f a c t o r y  ( l . s (  r i P t i o n .

l n  t h i s  p a p . r  t h e s e  d i f f i c u l t i c s  a r e  r c : i o l v . d  b v  t h '  ü s e  o f  t h e  ] o n g i t u d i -

n a 1  m a g n e t i c  f  j c l d  r ( 1 )  .  t h i c h  i s  p h a s e  f r c c  i r i d  s h i . h  . o n t r - L b u t e s  n o t h i n g  L o  t h e

P l a n c k  r a d i a t i o n  l I u  b e c a u s e  i t s  a s s o c i a t e d  i r c q r r f n . v  i s  z e r o  l o r  t h i s  r e a s o n

i t  i s  r e f c r r e d  t o  i s  t h c  " ! , h o s t  f i e 1 d "  ( C e s P e n s t . r s t r . h l u n g )  o f  e L e c r r o m a g n c t i s m

l n  t h e  q u a n t u n  f i r l d  t h c o r y  i t  i s  r e p r e s c n t f ( l  b v  t h e  l o n g i t u d i n a l  " p h o t o -

m a g n e t o n , "  w h l c h  i s  t h e  o p e r a t o r  . 6 1 ' ) .  d i r e . t l v  P r o p o r t i o n a l  t o  t h e  v e ] 1  k n o l r n

rp i "  . "g r1" r  ßonentum o f  rhe  photon ,  I ^ 'hose e igenvaLu.s  a te  I  and - i  i f  the

p h o t o n  i s  c o n s i d e r e d  t o  h a v e  n o  m a s s ,  a n d  i .  0 ,  a n d  - i  o t h e r ! ' i s e  T h e  6 ß )

photomagneton is  s imp ly  B(0)  mu l t iP l ied  in to  the  normal ized  photon  angu lar
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, , " r , : n t u m  o p e r a t o r ,  j 7 l ' .  I n  S e . . 2 ,  t h i s  r c s r l L l  i s  d e r i v c d  I r o ! ,  s i ! ' P l .

, , o m e t r i c a l  c o n s i d e r a t i o n s .  E v i d e n c .  f o r  t h e . \ i s t e n c .  o L 9 ' ' r  i s  a v a i l a b l e  i n

r l i .  i n v c r s c  F a r a d a y  e f f e c t  i /  1 2 1  ( f r e q u e n c v  i r d . l ) o d d . n t  m a g n c t i z a t i o n  b Y  l i g h t )

I  a ( t  w e r e  z e r : o ,  t h . n  b o t h  a ( 1 )  a n d  r ( 1 )  u o u t d  v a n i s h .  S i n c e  a i 3 ) ,  t h .

! p e c t a t l o n  v a l u e  o f  , 6 1 ' ) ,  i s  d i r e c t l y  p r o p o r l i o r h l  r h r o ü f h  a ' 0 )  r o  u n i t  a n g l r l a r

r ) n r c n t u m ,  r e p r e s e n t e d  b y  t h e  a x i a t  u n i t  v e . l o r  r .  i t  i s  r e l a t i v i s t i c a l l y

, , v . r i a n t  i n  f r e e  s p a c . ,  a  r c q u i r e m e n t  o f  t h e  M a x w . l l  t ' ( t u r t i o n s .  I n  t h e  q u a n t u m
' l F o r y  t h i s  i s  i n t e r p r e t e d  t h r o u g h  t h €  f a c t  t h r t  p h o t . n  s p i n  a n g ' 1 l a r  n o m e n t u n ,

r  .  i s  a l s o  f r e q u e n c y  i n d e p e n d e n t .  i . e . ,  d o e s  n o t  ( 1 { ' p ( , t r j  o , ,  v .  t h c  f r e q u e n c y  o f

r l t r .  l i g h t .  ( I n  c o n t r a s t ,  p h o t o n  l i n c a r  m o m e n t l l n r .  l r v / ,  i : ,  P r o p o r t i o n a l  t o  v ,

, ( l  p h o t o n  e n e r g y ,  a s  o r i g i n a l l y  p r - o p o s e d  I I 3 ] ,  i s  r h , ' ( i , , : , L 1 r r m  o f  l i g h t  e ' r e r 8 v

r r ! .  )  I t  f o t l o l i / s  t h e r e f o r e  t h a t  6 | )  i s  n o t  a b s o r l ) . ( l  ä r  a ! - v  I r . ( l u e n . y ,  b e c a u s e

, ,  t h c  q u a n t u m  f i e L d  t h e o r y ,  a b s o r p t i o n  d e p e n d s  o n  l h .  ( l r r i i r r r , , r r , , 1  ( ' n . r t v  n v ,  r n d

r  "  h a s  n o  e n e r g y -  T h e  p h o t o m a g n e t o n  i i r ' )  i s  t i r r r ( l ( ) r ( ' 1 a r  ) r (  ( l i l i i . u l t  t o

l i  I  e c t  e x p € r i m c n t a l l y  t h a n  t h e  u s u a l  t r : a n s v c r s .  t  i (  l d : j .  . r ( l  l r a s  r r ( ,  i  l  I  ( ' . t  ,  a s  w .

. , v . ,  a r g u e d ,  o n  P L a n c k ' s  l a w  o f  r a d i a t i o n .  I t  c : r l r  l r ( ) $ . v (  I  l r '  ( l (  1 r ' r ' t ( ' ( l  r ) . . a ( r s . '

, s  a  p h a s c  f r . c  m a g n e t i c  f i e 1 d ,  i t  p a r : t i c i p a t e s  i , ,  l l , ,  m a S r r . l  i z . r  i ( ) d  . 1  n r a t t . ' r

r , r  l i g h t  t h e  w e l L  k n o w n  i n v e r s e  F a r a d a l '  . { l ( c r  ! l , i ( 1 ,  h a s  h i r l , ( ' ' l ( )  b . . n

, , t e r p r e t e d  i n  t c r n s  o f  n o n l i n e a r  o p t i c s .  T h i s  p h . . o i n . n o n  o . . u r s  w r t l ) ( r i f  . J i ) r  i . i l

r / ) s o r p a i o n  i n  a e n e r a l ,  m e a n i n g  t h a t  i t  c a n  o c . r r r  v i l l , ( , , , t  t h .  a b s o r P t  i o l r  o f  a

ran tum o f  en€rgy  t rv  .  in  o ther  words  a t  f rcqu . I !  i f : j  there  l  h .  saDl r l .  i  : ;

r  J  a n s p a r e n t  t o  l i g h t  f / - 1 2 1 .

I n  S e c .  2 ,  t h e  r i g o r o u s  g e o n € t r i c a l  b a : r  i  s  o l  r j  ' '  j  s  d e v c L ( ) p ( ' ( l  1 ' s i  r ' 1 1

, , l a t i o n  o p e r : a t o r s  i n  O ( 3 )  a n d  i n  t h e  L o r c n t z  8 r ( ) r r l ,  o l  l l i r r k o u s k i  s P a c c  i  i n r ( '  1 r

,  s h o w n  t h e r e  t h a t  t h e  ü c g l e c t  o f  , 6 ' r )  i m p L i o s  t h ; i r  ( , , , (  i o t a t i o n  g e n t : r a t o r  i : ;

, , r o n e o u s l y  a s s e r t e d  t o  b e  z e r o .  I n  t h e  q u a n t , l n r  1 i , ' l d  t h c o r l  t h i c  r r . r r s l ; r r . s

r i r o  t h e  c o n c t u s i o n  t h a t  o n c  ä n g u l a r  m o n e n t l r r i  r 5  m j i , s i n f . ,  t h i s  b . i n l  t h .

, , n g i t L 1 d i n a 1  a n g u l a r  n o m c n t u m ,  a n d  t h i s  i s  o f  . o r r r s (  d i ; i n i {  r r i . a L I y  i r r c o l r s i s l e l r l

. l 1 h  t h c  b a s i c  a s s t r m p t i o n  t h a t  t h e  p h o t o n  ( . : o L : , i d ( r . d  i s  r n ^ s s l e s s )  h a v .  r ! r

f . l u c t a b l €  s p i n  a n g u l a r  n o n c n t u m ,  w h o s e  c o m p o n . D t s  i t  I  l r (  / o r r l ' r ! . ] i n a l  ä x i s  a r e  I

, ( l  l .  T h e r e f o r e ,  p h o t o n  s p l n  l m e d i ä t e 1 y  j n p l  i ( : :  r l I  r  r i s t e n c e  o f  B i i )

I n  S e c .  3 .  t h e  e x p e r i m c n t a l  b a s i s  i o r  r i  r )  - r t r ( t  E ( r )  i : r . r a m i n e d  t h r o u S h  t h .

, L ! e r s e  F a r a d a y  e f f e c t .  T h e  m a i n  c o n c l u s i o .  ( , J  r l , i : i  : ; ( . t i o n  i s  r h , r  i l  r h . r { '

" ,  r ' .  n o  6 1 r ) ,  t h e r e  w o u l d  b e  n o  i n v e r s . :  ! a r e d i r Y  ( 1 1 ( . r .  . ( ) , i 1  r . r y  t o  c x p e r i m . n t a l

i l d  [ 7  L 2 ] .

I n  S € c .  4 ,  t h e  n a t u r e  o f  t h c  L o n g i t r r d i n i , l .  . , ) r r . , ) ü i 1 r  a r r f  . l e c t r i c  I i . l d  i n

i , e  s p a c e  i s  e x a m i n c d .  I t  i s  c l e a r  f r o m  s v m m ,  I f v  l 4  i n d  s p c c i i l  r e l a t i v i t "

l , , r t  t h e r e  c a n  b e  n o  r e a l  t ( : ' .  b e c a u s .  l j l z t { ' r , , 1 ( t  l . o r . n t z  c o n t r a c t i o n  r c d u c . s
,  l o n g r ' r u d i n a l  p o l - ? r  a x i s  r o  z e r o  f o r :  a n y  o b j . . l  t r r v . l l i n g  a t  t r h e  s p e e d  o t

l l h t .  F o r  a  n i s s l e s - <  p h o t o n .  t h i s  a x i s  r c m a j n : i  1 . r o  i n  a n v  f r a m e  o f  r e f e r c n c . ,

, . a u s e  t h e  M a x \ . , e 1 1  € q u a t i o n s  i n  f r e e  s p a c c  d o  n o t  v a r v  u n d c r  L o r e n t z  t r a n s i o r : m a

F o r  a  , r ! s s i v c  p h o t o n  1 5 1 ,  i t  b e c o m . s  p o s s j b l e  t h a t  t h e r e  b e ,  i n  t h .

l ) s f r v e r  f r a m e ,  a n  a d d i t i o n a l ,  p h a s e  d e p e n d e n t ,  l o n g i t u d i n a l  m a g n e t i c  f i e l d  B ( 1 '

, ( i  e l e c t r i c  f i c l d  a o ) .  I t  i s  s h o t n  t h a t  t h c s c  q u e s t i o n s  c a n  b e  r e s o l v e d  i n  a n
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i n te rna l l y  cons isLcnt  f lanner  by  deduc ing  tha t  E( r )  i s  accompan ied  by  a  pure

i n a g i n a r y  i 8 ( t .  T h i s  i n p l i c s  t h a t  t h e  . o D b i n e d  c o n t r i b u t i o n  o f  , ( t  a n d  i A ( t

t o  t h e  P o y n t i n g  t h . , o r c n  i n  f r e e  s p a . e  i s  z e r o .  t h i s  b c i n g  t h e . l a s s i c a l  s t a t e m e n t

e q u i v . r l e n t  t o  r h e  f a c t  t h a r  1 n  t h c  q u a n l u l o  t i e l d ,  6 ' ' ) ,  h a s  n o  P l a n c k  e n e r g y

b e c a u s e  i t  h a s  n o  f r c q u e n c y .  ( I n  P l . r n . k ' s  p o s t u f a r c  o f  1 9 0 0  [ I 6 ]  c n c r g y  i s

d i r c c t l y  p r o p o r t i o n a l  t o  f r e q u e n c y ,  s o  t h r l  i ' )  c o r r e s p o n d s  t o  a n  o s c i l L a t o r

2 .  ceo0c t r i ca l  sas is  fo r  6 ( ' )

T h .  f i r s t  i n d i c a t i o n  o f  t h e  e x i : r t . n . .  o 1  q " )  i n  f t e e  s p a c e  a p p e a r e d  [ 1 7 ]
t h r o u g h  i r s  r e l a t i o n  t o  a  q u a n t i t y  k n o k n  i n  n o n  l i n e a r  o p r i c s  a s  t h e  c o n j u g a t e

p r o d u . t ,  t h e  v e c t o r :  c r o s s  p r o d u c t  a ( r )  x  a r z )  T h i s  q u a n t i t y  i s  a l s .  r . f . r r e d  r o

i n  n o n ' l i n c a r  o p t i c s  a s  t h e  a n t i s y m m e l  r i c ,  o r  v e c t o r i a l  ,  p a r t  o f  t h e  l i g h t

i n t c n s i  t y  t e n s o r  € o c t i t J  t l 8 l  ,  a n d  r  h . f  r l  o r e  h a s  a  w c l l  d € f i n e d  p h y s i c a l

m e a n i n g .  A n y  q u a n t j t y  t o  w h i c h  r o ) ! a ( 1 )  i s  n l g e b r a i c a l l y  e q u a l  a l s o  h a s  a  s e t l

d c f l n e d  p h y s i c a l  n e a n i n t  b y  L ä u L o l o g y .  t , r o m  l l q  ( 2 ) .  t h c  c o n i u g a t e  p r o d u L t  i s

t h e  p u r e  i n a g i n a r y ,  l o D E i t u d i D a l  q u a D (  i L v

s t a t e  o f  z . r o  f r e q u e n c y .  )

T h e  u s €  o f  ! { r )  a n d  i ! { ' )  m a k e s  t h .  t } r c o r v  o f  e L e c t r o m a g n e t i s m  i n  f r : e e

s p a c e  f u l L y  c o n s i s t . n t  a n d  m a n i f e s t l y  . o v a r i a . t .

E ( 1 )  x  r ( 2 )  i r  ( o r r i ,

g j  v . , ;  t  h e  f i e l d  . B ( 3 '

! { r )  x  t { . )  =  c 2 B t \ )  x  B t z r  i / , .  / r  L , r a ( ] )

w i  t h

I t  i s  e L e n e n t a r y  t o  s h o w ,  w i t h  t h e s e  r e l a t i o n s ,  l h a t  ,

w h e r e  r  i s  a , t r r i l  , r t a l  v e c t o r .  T h e  p r o d u . t  E ( r )  ! E ( 1 )  i s  t h e r e f o r e  m a g n e t i c  i n

n a t u r e ,  v i t h  p o s i t j v e  p a r i t y  i n v e r s i o n  (  p )  : ; l m m ( l r y  a n d  n e g a t i v e  m o t i o n  r e v e r s a l

(  f )  s y m n c l r y  l 9  U s i n g  t h e  f u n d a m e D t a l  l f . .  s p a . e  r e s u l t .

( 6 )

( t )

( 8 )

( e )

nrc Mognetic Fieus and Rolalion Cenerators oJ Free...

a ( r )  x  ! l r )  -  j E ( o r a ( 3 ) r

!  r 2 )  x  a  ß )  =  i ] ]  ( o ) r  ( 1 ) . ( l o )

( l t )

( r 2 )

, . l , . r e  l h c ' t  d c n o L c s  c o n r p L e x  c o n j u g a t i o n .  I t  i s  s . ( ' r '  r l P r  r / r e r e  i s : i  s v n f t ' 1 . i .

t . l r ( a 1  a l B e b r u  b e t v e e i  t | 1 e  t h r e e  n a t n e t i c  t i e J t l  c o t t y o t * n t : :  i r r  f r c .  s p a . e .  7 / t i s

r f u c t u r e  i s  t I B L  o 1  t I ) .  d ) r n p / e x  b a s i s  v e c r o r s  e ( r )  e t 1 ) ,  a j d  e \ 3 t ,  L ( l s  ( r )

l h i s  i s  p r e c i s e l y  a h a r  1 s  e x p c c t c d  i f  1 I l . r ( ,  i s  r  t h r . . '  d i m e n s i o t i . l .

, ( o m e t r i c a L ,  r c L a t i o r i  b c t w e c n  t h e  t r a n s v e r s e  a r t i  l o t r g i t u d i n : . 1  . o m P o n c n t s  o l

. , ) l u t i o . s  o f  M a x w e l l ' s  e q u a t i o n s  i n  f r e e  s p a c .  I l ) {  l ( ) J , U i t u d i n a l  c o n L l l ) n . , , 1  .
. , . .  , -  a l  ,  p  f , - a  F . .  . .  o I  r l _ L  1 . 1 . , { r r .  l  . ,  , '  . .

a ( 1 )  I  B 1 1 )  =  i B ' i ) B ( 2 ) !  =  t F  o ) A ( r

v  r  =  0 .

' i  i r  i s  a c c e p t c c t  t h " t  / r i n '  i s  ( o t h e r t i : j .  l l r . r (  i s  r r o  . l . . i r o m a 8 r x '

r i s m ) ,  t h e n ,  E q s .  ( 1 0 )  s h o v  t h a t  i f  a ß )  i s  z ( r o .  l ! ) r l ,  E ( 1 )  - n d  a ( 2 )  \ - , r i i ' l )

, , n v e r s e L y ,  i f  l ( 1 )  a n d  B { r )  ! r e  n o n  z e r o ,  t h . n  ! o  i !  l ( r ' .  T h j : i  r . s r l l l  o " . ( '

, , r .  e B p h a s i z i , s  t h e  f u n d a m e n t a l  i n c o n s i s t e n c y  i n  r h .  i  o r ) v ( n r  i ( ' r a 1  a p p r o i . h l l a l .

, ,  w h i c h  a ( t  b e a r s  n o  r . l a t  i o n  t o  t h c  t r : a n s v ( . r s (  ! i 1 r  ' r n d  B o '  ,  r r r l  i r )  n ! ) : ; l

L x L s  i s  n o t  c o n s i d e r e d .  E q r r a r i o n  ( 1 0 )  s h o w s  r l ü r  l l i  . ,  i s  a  v . l 1  d ( l j r r , ( l

'  o m e t r i c a L  r . L a t i o n ,  s h i c h  s h o \ r s  t h a t  r { r )  i : i  t i l i ! : i i . r l L v  n i e a n i n g l L r l  l l r ,

, , n v e r s c  o f  t h i s  r e s u l t  i s  r h a t  i f  i t  i s  a s s ( r l L d  l l r : r i  a 6 '  i s  z e r o ,  t h . t r  r h (

r j u g a t e  p r o d u c t  v a n r s h e s .  i n  c o n t r a d i c t i o , r  t j l l i  1 \ t ( r i m c l t a l  d a t a  . n  l h (

r l e r s e  F a r a d a y  e f f e c t  [ 7  1 2 ] ;  a n d  i n  . ( ) n l  r  , , ( i i  (  1  i o r r  l o  t h .  t u n . l ä d t ' r ' 1 , , 1
' l , . o r e t i c a l  s t r u c t u r e  o f  n o n  l i n e a r  o p t i c s  l l r .  l r l

f h e  q ü e s t i o n  n o w  a r i s € s  o f  t h e  f u n d n f t r i r : , 1  l ) r ( , t f r t i e s  o f  a ( 3 '  i r r  t l , ( '

l a s s i c a l  a n d  q u a n t r u D  t h e o r i e s  o f  f i e l d s .  l n  l l r i 5  s , t  ! i o r  i t  i s  s h o w n  ' t s j I ' l l

L , n r e n t a r y  t e n s o r i a l  m e t h o d s  t h a t  i t  i s  c l c f i r , ( l  j , ,  l l , L  ( t l l a n t r i m  f i . l d  t h e o r y  l ) v

. l r ( , r e  , i  i s  t h e  p h o t o n  ä n g u l a r  n o m e n t u m  o t ( , r , r l o r  l o r  o l i .  ( n a s s l - . s s )  p h o t o n  t h .

i l t . D v a l u e s  o f  . i  a r e  i l ,  m e a n i n g  t h a t  t h (  t , r o j { ( l  
j ( ) , i s  i t r  t h e  l a t r y I t ü d i n a l  1 7 )

.  i s  a r e  + h  o r  - i .  I n  t h e  q u a n t u m  I i . l d  l l , ( , . r y  l l L . r . 1 o r . .  B l r )  d e p e n d s  o n  t h .

: i s t e n c e  o I  j .  b e c a u s e  f ' ( o ) / n  i s  a  c o ' r s t a [ t  o l  r l r .  (  l . . t r o m a g n e t i s D  f o r  ä  S i v e d

, i r . n s i t y .  R e a l i z i n S  t h i s ,  a n y  a t t e m p l  t o  : i s s (  r l  t h a t  r i ' )  i s  z e r o  b e c o m e s

, , ( ions is tcn l  \ t iLh  the  fundamenta l  s  o t  qnanr  L rnr  n r . ( rhan i  .s .  becz tuse  su( : r ,  ;1 I l

, : i . r L i o n  a o u l d  i m p l y  t h a t  t h e  p h o t o n  s p i n  r n E u l a r  m o m e n t L r n  i s  z e r o .  I t  i s  v e l t

,  ( : e p r c d  t h ä t  t h e  p h o t o n  s p j n  i s  a n  i n t r i n s i c ,  i r r . 0 r o v a b l e  p r o p e r r y  1 2 0  a n d
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t h € r € f o r e  s o  i s  6 ' "  .

T h e  i n t e r p r e t a t i o n  o f  6 r ' ) ,  t h €  L o n g i t u d i l a 1  " p h o t o m a g n e t o n "  o f  e l e c t r o m a B

n e t i s m ,  i s  t h e r . f o r e  s i m p l e  i n  t h e  q u a n t u m  f j e l d  t h e o r y  i t  i s  a n  o p e r a t o r

g € n e r a t e d  d i r e c t l y  f r o m  p h o t o n  s p i n .  T h e  l a l t c r  h a s  e i g e n v a L u e s  1 i  i ? r d c p e r r . l e n t

o f  t h e  f r e q u e ' . y  ( e )  a n d  p h a s e  ( 0 )  o - i  l ] l c  e l e . r r o 1 ß E n e t i c  f i . l d .  A n v  a t t e m p t

t o  u n d € r s t a n d  t h €  r e a n i n g  o f  6 L ' )  m u s t  t h e . e f o r .  b .  b a s c d  o n  t h e  n e a n i n g  o f  i .

S l m i l a r t y .  t h e  i n t e r a c t i o n  o f  6 ! )  u i t h  n i a l  l e r  m u s t  b e  u n d e r s t o o d  i n  t h e  s a m e  w a y

a s  t h a t  o f  . '  v i t h  m a t t e r .  I n  p a r t i . u l a r .  t h c r c  m u s L  b e  c o n s e r v a t i o n  o f  a n g r l l a r

momentun the  toLa l  angu lar  monenLun be tore  änd a f te r  th !  in le r :a ( , t ion  must  be

t h e  s a m e .  T o  u n d e r s t a n d  t h i s  n e e d s  t h e  t h o o r v  o f  a n g ü 1 a r  m o m e n t u m  c o u p L i n g  i n

q u a n t u m  m e c h a n i c s  l r 0 l .  T h e r e f o r e  B 1 ' )  i s  o b v i o u s l r -  n o t  a  s t a t i c  m a g n c t - L c  f i e l d

i n  a n y  c o n v e n L i o m a l  s e n s e  ( e . g .  a  f i e l d  8 e n . r a t . d  f r o n  n  b a r  m a g n e t  o r  a

s o l e n o i d ) .  l t  i s  a  n o v e l  p r o p e . t y  o f  l j g h t .

I t  i s  a t s o  o b v i o u s  t h ä t  t h e  s o u r . .  o f  6  "  i n  f r c .  s p a c e  i s  t h e  s o l r r c c  o f  J

u s u a l l y  t h o u g h t  o f  a s  a  c h a r g e - c u r r _ . D l  s v s l e m  a t  i n f i n i t y ,  i . e . ,  m a t t e r

i n f i n i t e l y  r e m o v e d  f r o m  f r e e  s p a c e .  T h i s  j s  t h e  s a m e  a s  t h c  s o u r c e  o f  t h e  u s u a l

t r a n s v e r s e ,  o s c i l l a t i n g ,  f i e l d s ,  v h i c h  i n  t h .  q u n n ( u m  l i e 1 d  t h e o r y  a r e  r h o u g h t

o f  iü  te rns  o f  c rea t ion  and ann ih i la t ion  opLra lo rs .  There fore ,  täe . :x isae tce  o f  6 r l

o o e s  n o L  r e . l o t r e  a : r e p a r a L e  s o o r c e  l n  r h c  s r r n c  u a y ,  . ? ,  o r  p h o t o r r  s p i n ,  d o e s

n o t  r e q u i r e  a  s o u r c e  i n  a n y  v a y  d i s t i ü c l  o i  d i i f e r e n t  f r o m  t h a t  o f  e L e c t r o m a g n e

W e  a r r i v e  a r  r h e  r n e s c a p a b l e  c o n c l u s i o , ,  r h a t  i f  . i  b e  a c c e p t e d ,  a s  u s u a L ,

t h e n  s o  m u s t  , i 1 ' )  .

T h e  c l a s s i . a l  i n t e r p r € t a t i o n  o f  B o ) ,  t h .  e x p e . t a t i o n  v a l u e  o f  , i l 1 ' ) ,

d e p e n d s  o n  t h c  c r - o s s  p r o d u c t  ! c )  x  a ( z )  o l  t r i ' 8 a l  i v c  a n d  p o s i t i v e  f r e q u e n c y

t r a n s v e r s c  r n o d . s  ( l )  a n d  ( 2 ) .  T h i s  m u s t  a l s o  b c  r e f l e . t e d  i n  t h c  q u a n t u m  f i e l d

t h e o r y ,  s o  E q .  ( l )  i s  n o r e  f u l l y  ! , ' r i t t e n  i n  t l i .  a . c . p t c d  n o r a t i o n  1 1 2 .  1 8 1 ,  a s ,
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( 1 4 )
6  ' ' )  =  t  1 r )  ( 0 .  - o ,  o )  .

r l n r i  l a r l y .

?/ r i s  snor -s  I  h . r r  i  i t  se l f  i s  gerera t - .d  i  r ( ! r  . r  ] ) i r rc ,  /  ,  de  . ro -cs  P .o .J r r . r  o f

n e B a t i v . '  a D d  i ) . 5 r 1 i v e  f r e q u e n . y  r a v e s ;  i  c . ,  t r o n  a  t a r t i . u l a r  c o m b i n a t i o n  o f

c r e a t i o n  a n d . n , ) i h j l r L i o n  o p e r a t o r s  [ 1 2 ]  T h i s  i s  r ] i .  : i . m . ,  c o m b i n a L i o n  a s  t h a t

w h i c h  d e f i n e s  l /  r h e  S t o k e s  o p e r a t o r  . 4 ,  I h (  1 : , 1 1 . ' t  i s  v c l l  k n o v n  t o  b e  a n

a n g u l a r  m o n e n t u m  . t . r a t o r ,  a n d  L h e  c o f l m u t a t o r  r . l a l  i o n s  b c t w e e n  S t o k e s  o P e r a t o r s

a r e  t h e  s ä m c  a s  l h , ) s .  o f  a n g u l a r  m o m e n t u m  o P c r , l , ) t : ,  i n  q u a n t u m  m e c h a n i c s .  I n

t h i s  s e c t i o n ,  a e  s l i a l l  d € v e l o p  c o m m u t a t o r  r . l . l  i o . s  f o r  6 r r ) ,  i 1 ' 1 )  a n d  6 l i )  .

These are  a lso  angu l r r  momentum commuta tor  r . l : , r  i ( ) I rs .

A n y  i n t e r a c t i o n  o f  6 o ) w i t h  m a t r e r  m ü s t  l h e r e f o r .  r e f L e c t  i t s  f , , n d a m . n t ä l

c h a r a c t e r ,  i . e . ,  a c c o r l n t  f o r  l h e  f a c t  t h a t  i t  i s  d c f i n e d  a s

, l i ( r e  € i t r  i s  t h e  r a n k  t h r e e ,  ! o t a 1 1 Y  a n t i s ] ' n m c r r i t  r r r L i l  t ( l r s o r  ( t h e  r ' ' ! i  ( l i ! ' r l : r

! m b o l ) .  T h e  r ä n k  t w o  t e n s o r  r e p r e s e n t a t  i ( , , ,  ( ) l  r l , (  n r i l l , r e t i c  f i c l d .  l r r r '  i : l

, i r  i r e l y  e q u i v a l e n t  t o  t h e  u s u a l  r a n k  o n €  v c c r ( ) '  / 1 , .  h r l  h a s  t h e  k . v  a d v n n l . U , (

I  b e i n g  a c c e s s i b l e  t o  c o n m u t a t o r  a l g e b r - a .  l l , i : :  n l l ( , t : r  a  s t r a i g h t l o r $ . t ( t

, , , n s i t i o n  t o  t h e  q u a n t u m  f i e l d  t h e o r y  t h r o ü l i l , , r  l a c r ( ) ,  i .  C o ß m u t a t o r  a l 8 ( b r r

: r o  p r o v i d e s  a  m e a n s  o f  e r p r e s s i n g  8 ( 1 ) ,  a { ' l )  i , r r l  . E o )  i r )  t . r m s  o f  O ( 3 )  r o l r ' r i o n

, , i c r a t o r s  t 2 1 1 .  I n  s o  d o i n g  t h e s e  m a g n . 1  i .  l i (  l ( l s  , r e  r e l a t c d  d j r e c t l v  t o

, . rn tum mechan ica l  angü lar  momentum opera(  ( ) fs  .  ,1 I ( l  hav .  the  sane .o rnn t r r l  r l  o l

i ( ) p e r t i e s .  T h i s  w a s  o r l g i n a l l y  d e d u c c d  l l l  t r : ; i r r 1 l  (  r f a t i o n  a n d  ä n n i h i l a t i o t r

| ,  r a L o r s ,  a n  i n d e p e n d e n t  n e t h o d .

T h €  c l a s s i c a l  f i e l d s  r ( r ) ,  ! { 2 )  - t n ( l  , E ( r )  i D  I  r c e  s p a c e  a r e  a l l  a x i a l

,  t o r s  b y  d e f i n i t i o n ,  a n d  i t  f o l l o v s  t h a t  t  h . i r  , , r i i r  v . . t o r  c o n p o n e n t s  n L r s t  a L s o

,  a x i a l .  I n  n a t r i x  f o r m ,  t h e y  a r . ,  r r s i l l t  l ( ' n s o r  a n a l y s i s  o f  l h c  l y t .

r u s t r a t c d  i n  E q .  ( 1 6 ) ,

, =  . i , o ;  r , , , u  s  = s  ,  . , , , ,

B,  
; . i ) k8 , , ,

( t 6 )

f o  o  o i  f o o  r l  o  1 o l
i = o  o  1 1 ,  j " o o  o l ,  . t .  1 ! 0 .

[ 0  1 0 1  l r  0  o l  l 0  c  0 ]

( l  / )

( 1 5 )

, , L r  . a r l i e ] -  d e s c r i p t i o n  r l T l  o f  i  ' )  a s  " s r a t  i c "  o l ) v i o L r s l v  r e l e i s  t o  r h i '  l : r 1  r

' l i : , t  i t  h a s  n o  D e t  ( i . e . ,  e x p l i c i t )  f l L n c t i o n . l  d . p . , i r n . c  o n  t h a s c ,  0  =  o t  f , !

, ,  p r e c i s c l y  t h e  s a m e  v a y ,  j  h a s  n o n c ,  i . e . .  i t : r  r  1 1 ] c r r v ; r l u e s  a r e  + i .  w h i c h  r r r (

r . q u e n c y  i n d e p e n d e n t  q u r n t i t i e s .  S i m i l a r l v ,  l l , {  S l o k . s  o p € , r a t o r  . 4 ;  a r r t

i . r r n D e t € r  - s .  h a v e  n o  n e t  p h a s e  d . P . n d c n c e .  I , r r  . r  l l l ! . r r  b . a m  i n t e n s i t !  i r r

i i . u l a r  p o l a r i z a t i o n ,  - 9 r  i s  a  c o n s t a . t  o f  m a g n i l , , ( l (  r /  i ' r :  +  f o r  L e f t ,  l . f

i  t i r l  c i  r c u l  a r  p o L a r i  z a l  i  o n .

W c  s h a l l  r e t u r n  t o  t h e  q u e s t i o  o f  h o w  l l r ' )  ( o j  ( r ,  c ) )  i . t . r a . t c  u i t h  m , r l (  r

, r  S e c .  3 .  w h e n  d e a l i n 8 ,  w i t h  t h e  i n v e r s e  f a r ä d r Y  , 1 1 ( . t  a n d  l i n e  d e p . r ! l ( r ' l

,  r t u r b a t l o n  t h e o r y .  I n  t h €  r e m a i n d e r  o f  t h i s  s 1 . r i ( , , i .  1 1 , 1 .  ( 1 2 )  i s  d F r i r . . i  l r o t r l

I  i  f s t  p r i n c i  p L e s .

T h .  f i r s t  s t e p  i s  t o  p r t t  t h €  c y c t i c  r e l . l  i o r r s  l x  M ' . J r  a ( 1 ) i  a ( 2 )  a n d  B o '

n l o  c J a s - s i . a l  . o m m u t a t i v e  f o r m  b y  u s i n g  t h ( '  ' ( : r r r l l  l r o r i  e l e m e n t a r v  l . ' n : i ' r

f a l y s i s  l 1 2 ,  1 8 l  t h a t  a n  a r i a L  r a n k  o n e  v e c t o r  i s , . l i , i \ : i l ( ' n t  t o  a  P o l ä r  r a D k  r $ ( )

r ' 1  l s y m m e t r l c  t e n s o r ,

E t . t l o ;  a , . y  6 r , '  i  { n ;  . ,  . ) ( r 3 )
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and that  these forn a connutator  L ie a lgebra which is  mathemat ical ly  equivalent
t o  l h e  v e c t o r i a l  L i e  a l e e b r a  ( 5 ) ,

(  1 8 )

I f  i t  i s  a r b i t r a r : i l y  a s s e r t e d  t h a t  e ,  r s  z . r o ,  t h e n  b o t h  ä ,  a n d  e ,  v a n i s h ,  i . e . ,
the  asser t ion  is  fundamenta lLy  incons is ten t  v i th  th ree  d imens iona l  geomet ry ,

e x p r e s s e d  i n  a  c i r c u l a r  b a s i s  ( 5 )  r a t h e r  t h a n  a  c a r t e s i a n  b a s i s .  N e v e r t h e l e s s ,
th is  meän ing less  asser t ion  is  the  roo t  o f  the  convent iona l  approach to
e lec t rodynamics ,  än  approach vh ich  cons id€rs  on ly  t ransverse  conponents  o f  the
p lan€ wave in  f ree  space,  and do€s  noL recogn izc  tha t  the  t ransverse  f ie ld
co f fponents  a re  l inked to  the  long i tud ina l  f ie ld  component .  Th is  conc lus ion
b e c o m e s  c l e a r  i f  t h e  g e o m e t r i c a l  b a s i s  ( 1 9 )  i s  u s e d  t o  d e s c r l b e  t h e  p l a n e  v ä v e

(2r>

''=;[1 r i] " ;lr1 I -=F i;l (22)

(23)

l h is  c lass ica l  resu l t  shows t lE t  the  connuta tar  a lA .h .1  o f  the  naqnet ic  f ie lds
( )1 )  i s  par t  o f  the  L ie  a lqebra  a f  the  LoreDtz  Erorp  o t  Ntnkask l  spac .  t  in .

15 ,  211.  I t  shovs  tha t  the  long i tL td ina i  conponent  r t t "  i s  t1o11-  zero ,  becar rse  .? ( ' r

i !  n o r - z e r o .  A n  a s s e r t i o n  t o  t h e  c o n t r a r y  m . a n s  t h a t  j f  6 1 r )  = ?  6 .  t h c n

. i ! )  = ?  6 ,  u h i c h  b y  r e f e r e n c e  t o  E q .  ( 2 2 ) ,  i s  i n . o r r . . t

F u r t h e r n o r e ,  t h e  g e n e r a l l z a t i o n  o f  t h e  r o l a l  i o r )  f i e n € r a t o t  f r o n  c l a s s i c a l

r h r e € - s p a c e  ( o ( 3 )  g r o u p )  t o  c l a s s i c a l  s p a c e  l i n ,  ( 1 . o r e n t z  g r o u p )  1 s  w e l l  k n o \ , v n

2 1 1  t o  b e

prov id ing  the  key  l i t i k  be tween the  nagnet ic  f  ie l . l  na t r i ces

_ B t o  j , \  p t 6 ,  B  t \  _ B  a '  i  , \ ,  . 4 ,  b  _  i B  a , J t i \

f  0  o  r  0 l
I  l 0  0  i ( l l

" . - l r ,  
o  o '

L 0  o  o  o l

[ 0  
o  1 o l

-  1  l 0  0  r  o

' z  ] - r  ; o o '
1 o  o  o  o l

j'}j''[;;ii]

r i r i  -  r J r ( o ) 6 1 1 ) 6 r d ,  E  ) t  !  - j B r r ) 6 t ! ) .  i b ,  6 1 r )  -  8 1 0 r 6 , , ) ,  
( 2 O )

f r o m  v h i c h  e n c r g c s  t h e  c l a s s i c a L  c o n n u t a t o r  r e l a t i o n s  b e t w e e n  t h e  t h r e e  m a g n e t i c

f i e l d  c o n p o n e n t : r ,

t 6 1 1 ) , 6 r ' ) l  =  j B ' d ) 6 ( r ) ,  =  j a r o ) r i , )

I b t ^ .  B ß ) J  -  - i B t o ) E n t '  -  - j D  a ) h r , l

=  , i B t o t  6 t r r .  -  i B i ( ) i r r )

T h i s  a t g e b r a  c a n  n o $  b e  e x p r e s s e d  i n  t e r n s  o f  t h c  w e l L  k n o w n  1 5 ,  2 1 1  r o t a t i o n
generators of  o(3)  in thr€e dinensional  space These generators are conptex
m a t r i c e s  [ 5 ,  2 1 ]  ,

( 24 '
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I t  f o l l o w s  t h a t  , 6 ' ) ,  6  ) )  a n d  i ' r )  c a n  a l s o  b .  g c n . r a l i z e d  i n  t h i s  w ä y ,  a ' , o  a r e
a l s o  t  e l L  d c f i n e d  p r o p e r t i e s  o f  s p a c e - t i m e  i n  v a c u o .  T h i s  r e s u l r  i s  i n  L u r n
c o n s i s t e n t  w i t h  t h .  f a c r  t h a t  a l l  r h r e e  n ü g n e r  i c  c o m p o n . n t s  a r e  w € L l , d e f i n e d
s o l u t i o n s  o f  M a a w e l l ' s  e q u a l i o n s ,  v h i c h  i n  f r e .  s p a . : e  a r e  i r v a r i a n t  u l d e r  L o r e n t z

t r a n s f o r m . t i o n  [ 1 .  - 2 2 ]  I n  t h i s  s e n s c .  n l r r .  6  / )  a n d  i L r )  a r e  d e f i n e d  d i r e . t l y
b y  t h e  r o t a t i o n  g . : n e r a t o r s  o f  t h e  L o r . n f z  g r o u p ,  g l n c r a t o r s  t h a t  f o r n  a  l - i e

a l g e b r a  i n  s p a c e  t i m c .  B y  i n c l u d i l g  L r  r r  , r i , l  n o r  r r b i t r a r i  l y  d r  c . a r d i n S  j t ,  a s
i s  t h e  u s u a l  p r a . t i c e  I r - 4 ]  e l € . t r o d y n a m j c s  i n  l p a c c  t i m e  a c t u a l L y  b e c o m e s  m o r e
f u l l y  s e l l  . o n s i s t e r n  F o r  e x a m p l e ,  t h .  ' . 1 i g n ( r - I i r t I e  g r o u p  [ 2 1 ]  b e c o m e s  o ( 3 )
i n s t e a d  o f  E ( 2 ) :  i n  o t h e r  w o r d s  t h r e e  d i m . n s i o n a l  .  n o t  t v o  d i m € n s i o n a l  I t  i s
w e l l  k r r c w l l  i n  f i . l d  t h e o r y  [ 2 1 ]  t h a t  t h .  E u c l i d e a n  E ( 2 )  i s  p h y s i c a l  l y  m e a n i n g
1 e s s ,  i m p l y i n g  t h a t  c l a s s i . a l  e l e c r r o d y n n m i . s  i s  d e e p l y  f l a q e d  i f  r h e  l o n g i t u d i
n a l  f i e l d  i s  n o t  l i n k e d  L o  t h e  t r a n s v e r s ( ,  l i . l ( l s  ! s  i n  t h i s  p a p e r

T h e  f a c t  t h a t  t h e  a p p r o a c h  t h a t  l e a d s  t o  E ( 2 )  i s  i n c o r r c c r  i s  s e c n  t i r r o u g h

t h €  f a c t  t h a t  i t  l e a d s  t o  i L ' )  = ?  6 .  U r r . r i r  i . a t  a c . e p t a n c c  o f  s u c h  a n  o b v i o u s l y
i n c o r r . c t  r e s u l t  h a s  b e c o m e  h a b i t u a l  b € . a ü s e . , f  t h e  a s s u n r p t i o n  t h a t  M a x \ r e l l ' s
e q u a t i o n s  d e a l  o r L y  w i t h  t r : a n s v - . r s e  i  i . l ( l  . o m p o n c n r s  i n  f r e e  s p a c e .  E q u a r i o n
( 1 0 )  s h o w s  t h a t  t h e  I  o n g i t u d i n a L  a n d  t r a n s v e r s c  t i e l d  c o m p o n e n L s  i n  I r e c  s p ä c e
a r e  l i n k e d  g e o m e t r i c a L l y .  T h i s  f i n d i n t  i s  r a u t o l o g i . a l  i n  n a r u r e ,  b e c a u s e
M a r w e l l ' s  e q u a t i o n s  a r e  w r i t t e n  j n  t h r ( . ,  n o t  t w o ,  s p a c e  d i m e n s i o n s .  T h e

a s s e r t i o n  6 r ' )  = :  6  n o t  o n l y  m a k e s  n o n s . n s .  o u t  o f  E ü c l i d e a n  ( a n d  M i n k o w s k i )
g e o m e t r y ,  b u t  a l s o  L c a d s  t o  d i f f i c ü 1 i  i . s  t h r o u t h o u t  t h e  g a u g e  t h e o r y  o f
e l e c t r o m a g n c t i s m ,  d i f f i c u L t i e s  v h i c h  a r c  a . r u a l l y  w e L L  k n o w n  J 5 l .  M a n y  o f  t h e s e

d i f f i c u l t i e s  d i s a p f . a r  w h e n  i t  i s  r e a l i z c ( l  t h a r  i i r ' )  i s  a  " s p i n  f i e ] d , , , e h i c h  i s
p h a s e  f r e e ,  a n d  w h i c h  i h e r c f o r e  o b e y s  t h e  M , , x w e l l i a n  c o n s r r a i n t  V  B  =  o .

I t  i s  w . 1 L  k n o v n  t 5 l  t h a t  t h e  r o t a t i o n  g e n e r a t o r s  o f  0 ( 3 )  f o r n  a  l - i e
a L g e b r a ;  p a r t  o i  t h c  L i e  a l g e b r a  o f  t h e  L o r { : n r z  g r o u p .  I n  a  c i r c u l a r  b a s i s  ( 1 9 ) ,

r h i s  b c c o m c s  t h .  i o l l o v i n g  c l a s s i c a l  c o m m ü t a l o r  a l S e b r a ,

w h c r e  6 1 ' )  a r e  n o v  f j e l d  o p e r a t o r s  i n  q u a n t r m  m - " c h a n i c s .  l n  p a r t l c u L a r ,  t h e

l o n g i t u d i n a l  o p e r a t c , r  6 ' "  i s  t h e  e l e m e n t a r v  q u a n l , n r  o f  l o n g i t u d i  a l  m a g n e t i c

f L u x  d e n s i t y ,  t h e  p h o t o n a g n e r a t i  o I  e l e c t r o m a t n e t  i ( r  r a d j a t  i o n  i n  f r e e  s p a c e  T h e

p h o t o m a g n e t o n  i s  t h e  p i l  o t  w a v e  o l  p h o t o n  s p i r r  i L  r h e  E i n s t e i r  d e  ß r o g L j  e

i n t e r p r e t a t i o n  o f  t h e  q u a n t u m  t h e o r y  o f  l l g l r t .  l n  t h e  c o p . n h a g e n  i n t e r p r e t d t i o n ,

L l r e  q u a n t i z e d  f i e l d  o p e r a t o r s  8 t 1 ' ,  ß o t  a n c t  , 4 1 ' )  l o r m  a n g u l a r  m o m e n t u m

.omnuta l  o r :s  in  f ree  space,

6, ' ,  u r " ,  i1 ' )  
"+ ,  

6 ,^  -  -o " ,  Q l '  , ,  o

I f l r , e  r o ,  j ( , r e t 0 1  -  j B t ' i ß \ \ , ,

t 6 ' r ) e r 0 ,  r r r ,  )  _  j B ß t ß \ , 1 . j , 6

r i ' : r 6  r ) e  r 4 t  :  _ - 8 i o ) i  ' ) ,  , o

d . E  i  ; .  ! -

. ,  t h a t  6 ß )  c o m m u t e s  w i t h  t h e  H a m i l t o n i a n  t .  T h i s  i s

( 2 8 )

t i r l ) ,  t r , ) t  _  J o ) .  _  , ? 1 r ,

t J f ? ) ,  i 1 r ) t  =  j o ) .  j ' , i

t j , , ) ,  j 1 1 ) l  =  _ J ' ) ) ,  , i 1 ) )

Li,,  , i , )  = i i , .  l i " ,  i , l  = i i" ,  t , t- ,  , i , )  = i . i , ,

(25)

l h e  f i e l d s  c a n  n o w  b e  t h o L l g h t  o f  i n  t e r n s  o f  ( : r . a l  i ( ) , ,  . , l ( ]  a n n i h - i l a t i o n  o p c r a t o r s

f 2 ,  f 7 l  a s  u s u a 1 .  I n  t h e  C o p e n h a g e n  i n t e r p r e t a l  i o r r .  t h .  t h r e e  f i e L d  c o m P o l r e n t s

L p p e a r i n g  i n  e a c h  c o m n u t a t o r  r e l a t i o n  c a n n o t  b .  s l ) { ( i l i . d  s i m u l t a n e o u s l v  l 2 0 l

f  6 r ' )  i s  s p e c i f i e d ,  t h e n  t h e  t r a n s v e r s .  c i r r n l r , , ' i  I  r '  c m : r n  , r r s p e c i f i e c l ,  a s  i n

, , n y  a n g L r l a r  n o n e n t u m  c o m n u t a t o r  r e l a t i o n  i n  . { L r r r n r , , n r  m e c h a n i c s  l h i s  j s

, o n s i s t e n t  w i t h  t h e  f a c t  t h a t  t h e  ( 3 )  ( r . . . ,  / . )  ( ( ) , i t o n . r r t  o f  p h o t o n  a n 1 1 t l r r

i i o m e n t u m  i s  u s u a l l y  s p e c i f i e d  a s  e i g e n v a l u e s ,  l a j t t i t t t l i t l d l  P r o j e c t i o n s  l t  a I ü  n ;

L r x t  t h a t  f o r  a  m ä s s l e s s  p h o t o n  t r a v e l l i n g  a l  l h ,  i i l x f ( l  o l  I i g h t ,  t h e  t r a n s v e r i ; .

, , n g u l a r  m o m e n t u m  c o m p o n e n t s  a r e  m a t h e m a t i c ä l l y  i r n i (  l l  r ' m i n ; r ( e .  T h e  L o r r g i t u d i n ä l

,  o r 0 p o n e n t  o f  a n g u L a r  n o m e n t u m  i n  a n  o b i e . t  t r . v ( l l i r i l t  ! t  c  i s  r e l . r r i v i s r i t , l l y

i r v a r j a n t .  T h e r e f o r e  6 r ' )  i n  f r e e  s p a c e  i s  r 1 : ; ( ,  r , l n t i v i s t i c a l L y  i n v a r i a n r  '

l ) i s  m u s t  b e  s o  b e c a u s e  i t  i s  a  s o l u t i o n  o i  l 4 r \ u (  l l ' : ;  c q u a t j o n s .  v h i c h  a r e  a l s o

i l , l a t i v i s t i c a l l y  i n v a r i a n t  i n  f r e e  s p a c e .  
' f h .  : , 1 ( ' ( : i 1 i . a l  i o n  o f  6 1 r )  i n  t e r m s  o 1

r ) h o t o n  s p i n  i s  t h e r e f o r e  f u l l y  c o n s i s t e n t  t i l h  I (  l . r l  i v i s l  i .  q u a n t u o r  f i e l d  t h c o r )

T h e r € f o r e ,  6 r ' )  i s  a  c o n s t a n t  o f  m o r i o r  L l 2 .  / 0 1 : w h i l e  6 1 ' )  a n d  6 1 r )  a r ( '

r o v e r n e d  b y  p h o t o n  s t a t i s t i c s  a n d  a r e  s l r b i e . l  l o  | , r r (  l !  q u a n t u m  e f f e c t s  s u c h  a s

: l t h t  s q u e e z i n g  [ 1 2 ] -  T h e  f i e l d  6 L r '  ,  b c  i n s ,  ( l { ' 1  i r ( ' d  b v  P h o t o n  s p i n ,  i s  n o t

.  r b j e c t  t o  l i g h t  s q u e e z i n g  e f f e c t s .  I n  o l l , ( ' r  w . r ( l s  P h o t o n  s p i n  i t s e l f  i s  n o 1

I r c t e d  b y  1 i 8 h t  s q u e e z i n g ,  r l s  e i g e n v a l u e s  I { n r a i t r ; t  c o r r s t a n t  i  a n d  - h  I f  t h .

l i o t o n  i s  n a s s l v e  [ 2 3 ] ,  t h e  e i S e n v a r u e s  l ) . (  o ! t r '  l \ .  l )  a n d  i .  T h e  c o n s t a n c y  o l

l , c  f i e L d  , 6 r ' )  i s  c o n s i s t e n t  w i t h  t h e  f a c t  l h a r  i r ! . l , r a n t r m  n e c h a n i c s  t h e  g e n e r a l

.  : p r e s s i o n  f o r  t h €  r a t e  o f  c h a n g e  o f  a n  c x | { ' (  t , , 1 i o n  v ä l u c  i s  [ 2 0 , ,

i n  t h e  C a t t e s i a n  b a s i s ,  a n d  w h i c h  i s ,  \ r i t h i n  a  J a c t o r  \ ,  i d e n t i c a l  w i t h
c<,enuta tor  a lgebtu  a f  a t lqu)ar  nonentun  opera tors  iD  quantun  nec i raDics .
r :esu l t  p rov id€s  a  s imp le  rou te  to  quant iza t ion  o f  rhe  nägnet ic  f ie lds  o f
p l a n e  \ r a v e  i n  f r e e  s p a c e ,  g i v i n g  t h e  r e s u l t ,

( 2 6 '

This

( 29 '

c o n s i s t e n t  w i t h  t h c  f a c t
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t h a t  6 i r )  h a s  n o  P t a n c k  e n € r g y ,  a n d  d o e s  . o t  c o r l  r i b u t e  t o  c l a s s i c a l  e l e c t r o m a g

n e t i c  e n e r g y  d e n s i t y  [ 2 4  ] .  T h e  e x p e c t a t i o n  v a L u e  o f  6 r i ) ,  b . i n g  a  c o n s t a n t  o t

m o t i o n ,  i s  i n d e p e n d . n t  o f  t i m e ,  a n d  i r s  e i S e n v . , l i i r s  a r e  s p e c i f i e d  ä s  r h c  c o n s l a n t  i

a n d  i .  S i m i L a r l y .  t h e  S t o k e s  o p e r a t o r  3  i s  r . o n s t a n t  o i  m o t j o n .  r o  6 ' r )  i <

p r o p o r t i o n a l  t o  d .  l  / 1 .  T h e r e f o r e  t h .  p l , o t o m a 8 n e t o n  a - ' ' '  c o n s e r v e s  a n g u l a r

m o n e n t u m  i n  f r . c  s p a c e ,  a n d  t h i s  i .  a . o D s e q l r e n . e  o f  t h e  i s o t r o p y  o f  t h e
H a m i l t o n i a n  i n  f r e e  s p a c - .  { r 0 1 ,  a n d  t h e r c t o r .  a . o n s c q ü e n c e  o i  t h r e e  d i m e n s i o n a l

sy rnme t r y  1201 .
T h i s  c o n c l u s i o n  i s  s i m p l y  a  \ r a y  o f  s r y i n g  t h a t  t h .  s p i n  o f  t h e  m a s s l e s s

p h o r o n  i s  r i ;  a n d  r h a t  t h e  p h o t o o a g n p t o n  n  '  i s . 1  . l i r e c t  c o n s e q u c n c c  o f  p h o t o n

s p i n .  T h e  . l a s s i c a l  l G , i s  L h e r c f o r c  a  ( l i r c c l  c o n s . q u e n c c  o f  L h e  l u c t  t h a t

t h e r e  e x i s t s  r i S h t  a n d  l e f t  c i r c u l a r  p o l ; r r i z a l  i o n  i n  e l . c t r o m a g n e t i c  r a d i a t i o n .
T h i s  i s  a n  e x p r e s s i o n  o f  E q .  ( 1 0 )  i n  w o r d s .

T h e  e x p € c t a t i o n  v a l t r e s  o f  6 1 ' )  a n d  t  ' )  o n  t h e  o t h e r  h a n d  a r e  n o t  c o n s t a n t s

o f  m c , t i o n ,  a n d  d o  n o t  c o m u t e  w i t h  t h e  H a m i l t o n i a n .  T h i s  i s  c o n s i s t e n t  v i t h  t h e

f a c t  t h a t  a ( r )  o r  . B ( ' i )  c o n t r : i b u t e  t o  c l a s s i c a l  . l e c l r o n a g n e t i c  e n e r g y  d e n s i t y  i n

f r p p  s n , . r  s r m i  l . - l w  r h a  a v n a . r a t i o n  v a l l l e s  o t  . i  L )  a n d  i 1 , )

o f  m o t i o n ,  a n d  r e m a i  u  s p e c i f i e d  i n  t h .  C o p l n h r g c n  i n r e r p r e t a t j o n  i f  i l r )  i s

s p e c i f i e d .  S u c h  a  r e s u l t  i s . o n s i s t e n t  w i r h  s p e . i a l  r e L a t i v i t y .  v h i c h  d e d u c e s

t h a t  t h e  t r a n s v e r s e  c L a s s i c a l  a n g u l a r  m o n c n t a  o l  a n  o b j c c t  l r a v e l l j n g  a t  .  a r e

ind€terD ina te  in  the  observer  f rame änd r  hä t  the  I  ong i  tud ina l  component  i s

r e l a t i v i s t i c a l l y  i n v a r i a n t .  I n  o t h e r  s o r ( l s .  i n  s r r . c i a l  r e L a t i v i t y ,

(  30 )

The Mosneti. Fields and Rolation Gevrators of Free.,,

i L  b e c o n l e s  i m n c d i a t e l y  o b v i o t r s  t h a t  E q -  ( l L a )  i s  a  r e l a t i ö n  t e t r e e r  s p i r s  i n  t h e
l , l a x v e t  L i a n  i n t e l p r e t a t i o n .  E a c h  s p i n  c o m p o n e n r  ( l ) ,  ( 2 )  a n d  ( - l )  i s  f o r : m e d  t r o n r
i i  v e c t o r  c r o s s  p r o d u c t  o f  t h e  o t h e r  t w o :  t h i s  b . . i n l  a  r e . l u i r e n e n t  o f  E u . l i d e ä n

t e o m e t r y .  T .  o r d e r  f o r  t h i s  g e o m e t r  i . a 1  r e q ü i r c n ! ' | t  l o  s i m u l t a n e o u s l y  s a t i s f y

l 1 a x \ r e ] ] ' s  e q u a t i o n  V  a  o ,  L h c  l o n g i t u d i n a l  . o m p o . e n f  B t ! )  t " t  h e  p h e s e  f r e e ,
( ) t h e r u i s e  i t s  d i v e r g e n c e  i s  n o n  z e r o  b e c a u s .  t h .  t h a s e  h a s  a  Z  d e p e n d e . c F  T n
o r d e r  t o  s a t i s f y  L h i s  a n d  r h e  o t h e r  t h r e e  l ' 1 a r s e 1  I  . ( l ü a r i o o s ,  l h e  t  r a n s v e r s e

, r o m p o n c n t s  ! 1 1 )  a n d  , ( 2 )  m u s t  b c  p h a s e  d e p € n d e n t .  E q l E t i o n s  ( 1 0 )  t i e  t h e s e
{ r o n s i d e r a t i o n s  t o g e t h c r  i n  a  c i r . u l a r  b a s i s ,  i n  l h .  s a m c  w a y  t h a t  r o t a t i o n

A t  t h e  f u n d a m e n t a l  l e v e l  ,  E q .  ( f 3 )  s h o w s  t h a i  p h o t o n  s p i n  t . s e l f  i s
, i o n l j n e a r  i n  n a t u r e ,  b c i n g  a n  a n g r l a r  m o m e n t u m .  I n  r h c . l u a l l u m  I i e l d  r h e o r y  t h i s
h a s  e i g e n v a L u e s  i  a n d  - n .  I n  M a r v e l l i a n  e l e . f r ( ) d v ü a m i c s  t h e  c l a s s i c a l
. q u i v a l e n t  t o  p h o t o n  s p i n  i s  o b t a i n e d  f r o m  t h .  r . r / ' r e 3 r  . o n j L r S a t e  p r o d u c t ,

a { 1 ) x A ( ' z )  ( o r  ! ( r ) x . E r ' . } )  j  F ä i . h  r e D o v e s  t h e  p l ) r s .  0  l n  r h i s  v i y  t h e . l i s s i . ä l
(  o n t u g a t e  p r o d u c t  a n d  q u a n t i z e d  p h o t u n  s p i n  . r r ,  I  L r l . r  I  r . g e t h e r  i n  a  r e l a t i o n
w h i c h  c l a r i f i e s  t h e  p h y s i c a l  m e a n l n g  o f  b o t h .

I n  t h e  C o p e n h a g e n  i n t e r p r e t a t i o n ,  t h c  I l . i s ( r ) b . r ! ,  u n c e r t a i n t \  p r r n L r p l .
. , p p l i e d  t o  E q .  ( 3 r b )  s h o v s  t h a t

| ' | 1 J | f r Q ) l = ] B | | j f i | j '
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(  r lb )

(  t 2 ,

w h e r e  r  =  t , 1  v j / . ' :  ' .  I r ' l e  s e e  t h a t  i f  t h .  r { l : r r i r {  v . l o .  y  o f  t w o  f r a m e s ,  v ? .

i s  c ;  t h e n  , / y  r r ( L  . I y  ( i n  t h e  s t a t i c ,  o b s . r \ ' ( '  l r a m l  )  b . c o m .  i n l i i i i l e  ' l n l e s s

, t ' , = , t ! , = o .  I h  1 l , i : r  . o n d i l i o n ,  . - r r  a n d  . / y  a r .  o , , l l , . n L i , r  i . i l l J -  i n d e t e r m i n a t e  b u t

J , = J ;  - L s  e e l l  ( t ( l 1 n c d .  T h i s  i s  v h a t  i s  i n d i . i t ( d  l ) v  t h (  ( l o t ( n h a g c n  i n t e r p r e t a

t i o n  o f  E q s .  ( / l l ) ,  r h e  f i e l d  t l r )  h a s  s p . . i 1  i { . ( l  r (  l a r  i v i : i r  i . a l r v

e i g e n v a l L r c s  v h i . l i  n r .  p r o j e c t i o n s  i n  t h e  l o i t ' , i l , r d i , , r l  . \ i s  o 1  l h c  p r o p a g a t i n g

p l a n e  v a v e  i n  l t r ( , s t a . e .  T h e  t r a n s v e r s e  f i r l d s  i ' r  , r r l  r i ' )  a r e  n o t  c o n s t a n t s

o f  m o L i o n  a n d  ; r r ,  l o r  s p . c i f i e d  i f  6 r r )  i s  s p c c i l  i , ( 1 .  l r  i s  ü . l l  k n o v n  t h a t  6 ( ' )

a n d  6 1 ' )  a r e  s r 1 l , j ( (  l  l o  q t r a n t u m  e f f e c t s  s u . l !  r : r  l i 8 h l  : , . l r e e z i n g ,  w h l c h  a r e  a

c o n s e q u e n c e  o f  t h ( .  I l ( . i s € n b e r g  u n c e r t a i n t y  p r i r !  i p l r  a f p l i c d  t o  p h o t o n s .

l l  w e  c o n r p l r , , ( l i r e c t L y  t h e  c l a s s i c a l  a n ( l  ( l , L l , i r , , o  f . l ü a t i o n s ,

r h c r e  ö B r  )  a n d  6 i i ' / r  a r e  r o o t  m e a n  s q u a r e  d e v i : , t  i ( i n , i  2 0  A s  u s u a l  1 2 0  t h .

r j U h t  h a n d  s i d c  i s  a  r i a o r o u s  L o $ e r  b o l L n d  o n  t h .  t ) r ( ) ( t 1 r . r  6 i l 1 - r 6 t ' ' ? )  ,  a  l o q e r  b ö t o r l

r i i i c l l  i s  t h e r e f o r e  d e l i D e d  b f  t h e  p h o t o n a t n . r . , r  ] t ' t  .  1 t  i " )  v e r e  z e r o ,  i j t :

, r r l  6 L ' )  w o u l d  c o m m u t e ,  i m p l l i n g  t h a t  ö 6 ' r r  -  6  , I i d  ö ' ' r i  i i  s i n u l t a n e o u s l y .  T / r .
, x p e r i ' e D t a /  . , b s e r e a t i a D  o f  l i q h t  s q o e e z i  E  l l 2 l  : ; l b w s  r h , i t  t i i s  i s  i r . o D s i s t e n r

t , i t l )  d a t a ,  L h c r e f o r e  E  r )  '  0 .  1 n  l h i s  : ; c r r s ( .  l i l [ l  s q u e e z i L i g  r n d r c a r € s

,  \ p e r i m e n t a l  l  y  t h e  e x i s t e n c e  o f  t h e  p h o t o m a l t n , . r  ( ) r  r l  ' )  .
I n  t h e  n e x t  s e c t i o n ,  o t h e r  . x p e r i m e D l i l  i r n l i . . r  i o r s  o f  t h e  € r i s t e n . e  o f

i i  r )  a r e  d i  s c u s s e d  _

J  Detec t ion  o f  6 t ' )  in  the  Inwerse  Fara<tay  n l tec i

I n  a d d r e s s i n g  t h e  e x p e r i m e n t a l  e l t . . r i i  o l  r J  r ) ,  t h .  q u e s t i o n  a r i s e s  o f
i l r  t h e r  i t s  i n t e r a . t i o .  w i t h  m a t t o r  ( c . 9 .  a n  ( , 1 . . r r o r ) )  . a n  b e  t r e a r e d  v i t h  r i n r e
l L  I ) e  d e n t  o r  t i m e  i n d e p e n d e n t  p e r t u r b a t  i o n  I  h . o r y  M a S n e t i z a t i o n  b y  . i r c u l a r l  y
, , l a r i z e d  l i g h t ,  t h e  i n l e r s e  F a r a d a y  e f f e . t .  w r r l t o u r  a b s ö r p a r i o r ) ,  a s
l ) . ; . r v e d  e x p e r i m e n t a l l y  b y  v a n  d e r  Z i e l  e t .  a l  .  ' / 1 .  H o v e v e r ,  i t  c a n  a L s o  o . . u r

: , / l r  a b s o r p t i o n ,  a s  s h o w n  r h e o r € t i c a t l y  b y  w o z n i ä k ,  l l v a n s  a n d  a g n i d r e  1 2 5 j .  I t

J ,  =  J . ,  Jy  =  \J i ,  , t \  ' t . t t ,

a ( 1 )  ! a { 2 )  j B 1 0 ) a b (  3 ra )
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s e e m s  r e a s o n a b L e  t o  a s s e r t  L h a t  i f  r h e r e  i s  D o  a b s o r p t i o n ,  t h e r e  i s  n o  t r a n s t e r

o f  p h o t o n  e n e r g y ,  n ! ,  a n d  s o  t h c  c f I . c t  i s  f r e q u e n . y  i n d e p e n d e n r .  m e a n i n S ,  t h a t

i n  t h i s  I i n i t ,  t i m c  i n d . p e n d e n r  p e r l u r b a t i o n  t h e o . y  a p p l i e s .  I n  L h i s  l i m i t  t h e r e

i s  t r a n s f e r  o f  a n g u l a r  m o m e n t u m  f r o m  t h .  l i g h t  r o  t h e  s a m p l e -  b u t  n o  t r a n s f e r  o f

e n e r g y ,  s o  t h a t  t h €  p h e n o m e n o n  o f  n a g n e t i z a t i o n  i s  i n  t h i s  s e n s c  " e l a s r ' . . "

S i n c e  6 1 ' )  =  8 1 " ) j / h  a n d  s i n c e  B r 0 r  i  s  p r . p o r r l o n a l  r o  t h c  s q u a l e  r o o t  o f  b € a n

i  t e n s i t y  a 0  ( w ä t t s  p e r  u n i t  a r € a )  i t  s e . m s  l i k e 1 y  t h a t  s u c h  a n  e f l e c t  i s

p r o p o r t  i o n a l  t o  r o l / ' : .

However ,  the  fuDdamenta-L  angu lar  mom.nrun i (o ;  -o ,  o )  needs  two no . les  fo r

i t s  d e f i n - i t i o n  ( o n e ,  ( r ) ,  l e g a t l v e  f r e q u e n c y r  t h e  o t h e r : .  ( 2 ) ,  p o s j t i v e  f r € q u c n c y )

s o  i t  f o l l o w s  t h a t  t h e  i n t e r a c t i o n  o f  Ä 1 ' )  w i l h  n a t t e r  a l s o  r e q u i r e s  t h e

c o n s i d e r a t i o n  o f  o  a n d  o .  e v e n  t h o u g h  i  ' )  a n d  j  d o  n o t  e x p l i c i t l Y  d e p e n d  o n

{  r p q u p n . ) .  r  f h '  . i g  , . \ J l u  .  . l  r o r l ,  . l  t F r  I  o n  h  w h r  l ,  1 , . .

d e p e n d e n . e .  )  T h e r e f o r e  t h e  i n t e r a c t i o n  o f  , i 1 r ) ( o ;  o ,  o )  w i t h  m a t t c r  r e q  i . e e  i n

g € n e r a l  t i n e  d e p e n d e n t  p e r t u r b a t i o n  t h - . o r y ,  b a s e d  o n  t h e  t i m e  d e p c n d e n !

S c h r ö d i n g e r  e q L r a t i  o n .  s i  n . e

( 3 3 )
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' l l , e  
t r a r s i t i o n  t o  t i D - "  i n d . p e n d e n t  p e r t u r b . l  i o , r  r l , . o r y  i s

. e s o n a n c e  t r e q u e r c l c s  (  o  a o d  o ,  ) ,  a n d  d a m p i n . ! ,  f a . t o r s
g i v i n t  t h e  r e s u l  t
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f ,  and  r /  to  zero ,

| ' ( n )  - . 4u f i . . . . r r t 1 . ,  '  p . 2 \  B \ ) tB t ! ) (  t 7 )

a n y  e f f e c t  d u e  t o  a { 3 )  ( o ;  o ,  ( n )  n e c d s  t h c  s i , f l l r l t a n e o u s  a c t i o n  o f  b o t h  n o d e s  ( l )

a n d  ( 2 ) .  t n  t i n e  d e p e n d e  t  p € r t u r b a t i o n  t h e o r y ,  t h i s  P r o p c r t y  m 1 l s t  b e  a c c o u n t e d

t o r  i n  r h e  m o l e . L , L r r  p r o p e r t y  t c n s o r  s i t h  t h i c h  . B ( r )  ( o ;  o ,  o )  i n t e r a . t s  a t  a n y

o r d € r  i n  t h e  f i c l d .  I , o r  e x a m p l e ,  t h e  i n v e . s e  t a r a d a ) "  e i f e c t  i s  d e s c r i b e d  b y

l o z n i a k ,  E v a n s  a n d  w a l n j a r e  [ 2 5 ]  i n  t e r m s  o f  a ( D  t a r : ) .  l n  a  t h r e €  l . v e L  a t o m i c

s y s t e m  t h e  p a r a m a p , n e t i c  c o n t r i b u t i o n  t o  r  a g n e t  i  s m ,  t ( o )  ,  b y  c i r c u l a r l  y  p o L a r i z e d

l  i g h t  i s  g i v € n  b v

r ( 1 )  ( - o )  x a ( r )  ( o )  r s L o J B ' '  ( o ;  - o ,  o )

, ( ( o )  =  
#  (p ,  ( o  )  e  +  p ,  ( o  ) l l ) s  ( 1 )  x r { ' )

w h i c h  i s  E q .  (  l o )  o f  R e € .  [ 2 5 ]  v r i t t e n  i n  o u  , o t a t i o n .  H e r c

-A =  Er r ' /n (F ! r  x  F t )  ,  B  tD. .  rx t \ t t . , \  v i )
( i 5 )

l l o t h  e q u a l i o n s  ( 3 4 )  a n d  ( 1 7 )  a r c  t o  s e . o n d  o r d e r  i , ,  t l i (  r a A n i t u d c .  E L 0 ) ,  o I  r ( 3 ) .
l l o w e v e r ,  E q .  ( : l / + )  r c p r e s e n t s  a  t r a n s f c r  o f  e D e r g v  ( a 1  r h !  r e s o n a n . r e  t r e q  r r L  i r s  u

r t l r d  o , )  a s  w e L l  a s  a  t r a n s f e r  o f  a n t u l a r  m o n r c D r u o r  l r o m  ! G ) .  E q u a t i o n  ( 1 7 )
r . , p . e s e n t s  a  l r a n s f e r  o i  a n t u l a r  n o B e n t u m  o n l ! .  l ) ( ( . r L r i i (  r h . r (  i s  n o  r c s o n a n c e .
' f h e r e f o r e  

E q .  ( 3 4 )  i s  a n  " i r ) c l a s t i c "  p r o c e s s ,  t i t .  (  l / )  r r i  " ( l a s t l c "  p r o c e s s
l i o t h  e q ' r ä t i o n s  a r e  s e m i  c L a s s i c a l  .  i n  r h a r  r h (  { j c ' l ( l  i : i  ! r ( , r 1 , ! l  c l : r s s i c a L l y  a n d
t h e  m o l e c L d a r  p r o p e r t y  q l l a n t u D  m e c h a n j c a l l y .

C l e a r l y ,  j f  a ( r )  w e r e  z e r o ,  t h c r c  w o u l d  b .  n o  i M r : r ,  l . r , r d r y  e l f  e . t  o f  a n y

T h .  q u e s t i o n  n o w  a r i s e s  a s  r o  v h e t h e r  a { r i .  l , a v i , , l l  a l l  r l ) ,  i  ,  i l ) L r t c s  o f
t r L a g n . t i .  f l L r x  d - . n s i t y ,  c a n  a c t  a t  f : i r s t  o r d ( r .  s o  r h i r t  r h . r f  i . ,  - l  L r , , r r s . ,
F a r a d a v  e f f e . t  p r o p o r t i o n a l  t o  L h .  s q u a r e  r o o r  o l  i n t ( , , r : i i l y  i l  a d ( l i r i o l  t o

| r o c e s s  ( 3 4 )  o r  ( : l / ) ,  u h i c h  a r e  b o t h  p r o p o r t i o n a l  r o  1 | 1 ( n : , i r y  T h c  r i m .  , r ! ( . r r | .

o f  , B ( t  i "  n o n  z e r o .  b e c a u s c  i t  h a s  n o  p h a s e . l ( , t , e n d . r t r : r . ,  , , r /  r h i s  s ü I i t . s r : i  r h r r
L t  . a D  n a q n e r i . T e  a t  I i r s t  o . d e r .  I I  s o .  t h e n  r l F r (  s h o u ] d  b ( ,  a  . o m p ( n r . I r  o {  r h r l
i n v e r s .  F a r a d a y  e l f e c L  p r o p o r t i o n a l  t o  t h c  s q , , i i r (  r o o r  o f  i n t e n s i l y .  T l , i : i
i n t e r e s t i n g  p o s s i b i l i t y  s h o u l d  b e  c h e c k e d  b y  l , , r l h . r  f : { p c r i n e n r a l  w o r k  o n  t h e
L n L e n s i t y  d e p e n d e n c .  o f  r h e  l n v e r s e  F a r a d a y  . f i  c . r  .  w h o : ; .  : ; i  a n d a r d  i  n l  . r  p r . t  r t  i o n

i s  a t  s e c o n d  o r d e r ,  i n  a ( 0 ) ' B ß ) ,  a s  w e  h ä v e  s . (  ' ,  l h c  o s c i l l a r i n g  c o m p o n . n r s

a o )  a n d  t o )  a l s o  m a g n e t i z e  a t  f i r s t  o r d e r ,  b u r  l h . .  r i m € ,  a v e r a g e d  n l a g h e l i r n r i o n
v a n i s h e s .  A n y  e D e r g l  t r a n s f e r  p r o c e s s  f r o m  l h c  c l . c t r o m a g n . t i c  f i e l d  r o  n ä t t . r
j s  s e c o n d  o r d e r ,  h o v e v e r ,  i n  t h e  c l e c t r i c  f i e l d  s  . n 1 , , i h  o r  m a g n e r  i .  t 1 , r x  d . n s i r y
o f  t h e  f i e l d ,  b u t  a n g u l a r  m o m e n t u m  i r a n s f e r :  i s  { i . s t  o r d e r  i n  t h e s €  q u ä n r i l . i c s .
l . o r  e x a m p L e ,  v h e n  a  q u a n t u n  o f  e n e r g y ,  , v  i n  t h .  q u r r ) l , m  r h c o r y .  i s  r r a n s f . r r . : d
l o  a n  a t o m ,  t h e r e  i s  a  s i m u L t a n e o u s  t r a n s f e r  o f  r n t $ l i r  m o m e n r u m  (  i )  p e r  p h o l o n ,
h ! ,  a  p r o c € s s  w h i c h  i s  g o v e r n e d  b y  a n g u l a r  n o m . n t r n  s ( 1 ( . r i o r r  r u l € s  t 2 0 l  S i n . e
[ ,  t h e  m a g n i t u d e  o f  t h e  p h o t o n ' s  a n g u l a r  n o m e n r ü m ,  i s . n . . g v  d i v i d e d  b y  a n g u l a r

t r e q u e n c y ,  i t  h a s  u n i t s  p r o p o r t i o n a l  t o  t r r '  - ! t  l i t : : t  a r . l e r  T h e r € f o r e  j t

l o l l o w s  t h a t  A ( 3 t  c a n  p r o d u c e  p u r e ,  f i r s t  o r d e r .  D r $ x . r i z a l i o n  o n l t  i f  r h . . e  i s
, r o  t r a n s f e r  o l  p h o t o n  e n e r B y  h y  t a  t h e  s a n p l e .  ( { ) t h e r { i s e  t h €  o v e r a l L  p r o . e s : ;
i s  a  m i a t u r e  o f  f i r s t  a n d  s e c o n d  o r d e r  e { I c c t s .  )  l I  o r h c r  w o r d s ,  a n y  p u r e l y  f i r s r
, ) r d e r  p r o . e s s  i n  a € )  c a n n o t  b e  a c c o D p a n i € d  b y  . b s o r p t i o n  o f  1 i g h r ,  b c c a u s e

. rbsorp t ion  is  se .ond order  in  t (3 )  The no l .cu la r  p rop{ r ty  tensor  th rough wh ich  r ( : )

I ) r o d l 1 c e s  m a g n e t i z a t i o n  m u s t  t h e r . e f o r e  b e  a  s u s . . p l i b i l i r y  t e n s o r  c a l c u l a t e d  i n
r h €  l i m i t  o f  t i n e  i n d . l p e n d e n t  p e r t u r : b a t  i o n  r h . o r y ,  i n  v b i . h  t h e r e  a r e  n o  o p t i c a l

I f  fu r ther  exper : imenta l  r ro rk  shors  tha t  there  is  a  p rocess  in  th .  inverse
l r r a d a y  e f f e c t  p r o p o r t i o n a l  t o  t h e  s q u a r e  r o o t  o f  c i r c u l a r l y  p o l a r i z e d  l i g h l :

(34)

( 3 6 )o (a, i  c, '? r i)
( o i - o'z +I'') 'z * ad'zf 

'

and  ( ' ,  a re  f requenc ies ,  I t " .  i s  a  L round s ta te

d i p o l e  m o m e n t ,  a n d  F . 1  e t c .  a r e  t r a n s i t i o n  e l e c t r i c  d i p . , l e
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i n t c n s i t y ,  t h c n  i t  w o u l d  h a v e  b e € n  s h o m  t h a t  l ( r )  c a n  a c t  a s  a  f j r s t  o r d e r

n a g n e t i c  f i e l d .  I f  t h e  d a t a  s h o w  n o  s i g n  o f  s u . h  a  p r o c e s s ,  h o w e v c r ,  i t  t o l r - l d

ö . ,  t  . , o r r - e . a  r o  . o r . l u d e  t h e r e f r o n  r h a t  D \ ! ,  r '  n .  A s  d i s c u s s e d  i n  S e c .  2 ,  s u c h

a  p o s s i b i l i l v  i s  e x c l  L r d e d  o n  s c v e r a l  c o u n t s .  l h e  a b s i : I l c e  o f  a  f i r s t  o r d e r

process  in  ! (3 )  migh t  nean tha t  tvo  modes (ne8at ive  and pos i t i vc  o  )  a re  needed

t o  d c f i n c  t h c  c l a s s i c a l  e q u i v a l e n t  o f  p h o t o n  s p i n  a n g u l a r  m o r n e n l u m ,  t ( o ;  ( ' ) .  o )  ,
s o  t h a t  ü  i . s e l t  i s  i n t r i n s i c ä l 1 y  n o n  I  i n . a r ,  a n d  l o r  t i r i s  r e a s o n  c a n n o t  a c t

v l t h o u t  t h e  c o n b i n € d  a c t i o n  o f  t v o  € L e c t r o r D a g n e t i c  m o d c s ,  ( r )  a n d  ( 2 ) .  T h e
'  -  . r - . a , . . . .  - r , - , , r - , . r  , , r ,  .  , , 1 .  

" b , e n . F  
o t

a b s o r p t i o n ,  n e a n i n g  t h a t  t h e r e  i s  n o  t r a n s f e r  o f  ö !  f r o m  r a d i ä t i o n  t o  s a m p l e ,

y e t  t h e  s a m p l e  i s  m a g n e t i z e d  [ 7 1 .  T h e r . f o r c  t h c  r r ! ' o  m o d e s  m a k i n g  u p  J  c a n  a c t

o n  a  s a m p l e  s i t h o u t  t r a n s f e r r i n g  a n y  p h o l o n s  ö v .  a n d  t h e  i n v e r s e  F a r a d a y  . f f e c t

i s  o b v i o u s l y  n o t  a n  a b ' s o r p t i o n  p h e n o m e n o n .  T t  i s  t h e r e f o r e  c o n f u s i n g  t o  a l l u d e

r o  i t  . r s  d  " t r o  p h o t o n '  p r o c € s s ,  b e c . l u s e  t h a t  w o u L c t  i m p l y  t h e  a b s o r p t i o n  o f  t v o

p h o r  o  s  S i r c F  j  ' "  n o n . e , o .  , n d  d '  , .  )  ,  p o r r  o r . . l  r o  8  r ' .  r h e  l , r ' e r

a l s o  d c p e n d s  o n  t h c  s  L n u l  L a n . o u s  a c t i o D  o l  t w o  n r o d c s ,  ( r )  a n d  ( 2 ) .  T h e  a n g u l a r

momentnm,  and ,41 ' ) ,  ao  no t  depend on  J r .q le r ry ,  horever ,  and havc  no  P lanck

€ n c r g y .  A n y  a s s € r t i o n  t h a t  B r r )  i s  z e | o ,  h o w . v c r ,  i s  e c o  e L r i c a l l y  i n . o r r e c t .

T h e  q u e s t i o n  i  s  v h e t h e r  6 1 ' )  c a n  a c t  a r  f  i  r s t  o r d e r  o r  n o t .  a n d  f ü r t h e r

e \ p ! r r m . L , t a l  w o r L  L s  n e c d e d  t o  c L a r i l y  t h i s  p o i n t .  I n  R e f .  [ 1 / ] ,  t h e
j n t e r p r e t a t i o n  o f  t h e  i n v e r s e  F a r a d l )  . | . ,  r  r s  d l s c u s s e d  r n  m o r e  d e t a i l .  I n

d l a m . B r l l 1 c s ,  ( f t L L r 5  a l  I r r s L  o r d . r  i n  r i  ' )  a r e  p r o h i b i t e d  b y  t h e  f a c t  r h a t  t h e

s a m p l e  h a s  n o  p e r m a n - a n t  m a g n e r i c  d i p o l e  r ( )  k , n t .  I n  p a r a m a g n e t i c s ,  s u c h  a s  t h e

d o p e d  g l a s s e s  u s e d  b y  v a n  a t e r  Z i e L  e t  a l .  l /  . f I c . t s  a t  I - t r s t  o . d e r  i n  6 ß )

a r e  a ] l o \ r e d  t n  p r i n c i p l e ,  p r o v i d e d  t h a L  t l t  s v n u n . l  r y  o 1 '  t h e  s a m p L e  a l l o  s  a  n e t

p e r n a n e n t  m a g n e t i .  d i p o l e  m o m e n t .  D a t a  a r ( .  n o 1  a v a i l a b L e  a t  p r e s e n t  t o  t e s t

t h e s e  m a t t e r : s  f r r r t h c r .  A  r e c e n t  r e i n t e r p r . t . r  i o l  [ 2 a i  o l  l h e  r e s u L t s  o f  I r . : y  e r

a I .  t 2 7 l  o n  r h !  o p t i . a l  l ' a r a d a y  e f f e c t  s h o w e d  !  s t r e . e  r o o t  i n t . n s i t y  d e p e n d e n c e

o f  t h e  L r g h r  L ,  J , , ü e d  F a r a d a y  r o t a t i o n ,  v h i c l i  i s  ; r  s j g n ,  a l b e i t  l e n u o u s ,  r h a t

6 G r  i s  a b l c  t o  a c t  a t  f i r s L  o r d e r .  t L  i s  l r . r n , o ü : ,  l ) . . : a u s e  t h e r .  w . r c  o n l Y  s i x

d a t a  p o i n t s  a v a i l a b l e  l r 6 l ,  a . d  t h e s e  d i d  n o t  g o  I h r o u ! , l r  t h .  o r j t i n .  A L s o ,  t h e

p L r n p  l a s e r  L r s . d  b y  F r e y  e t  a L  [ 2 l l  r a s  n o t  c i f c , r l r r l , v  t x ) l ; , r i 2 e d  b e f o r e  c n l e r i n g

t h e  i n t e n s e  n r a f t r ) c l i c  I i e l d  u s e d  i n  t t r e i r  e ! l ) . r i n ( . h 1  .  I { o u . v r r .  i t  d e v e l o p s  a n

e x c e s s  o f  . r  i  i , l  , r  t o l a r r z ä t r o D  t h r o u g h  t h (  o r d i r r r y  l . a r a d a y  e f f e c t  \ , u h e n  i t

p a s s e s  t h r o u g t r  r i r (  n r i t n e t i c  f i e l d ,  p r o d u c i n f t  ä  I r , n  z . r o  i l ' ' r .

u e  e m n h : s r , ,  r h . r r  r h e  n , , e s t i o n  o f  w h . t l r c r  l i  "  . : e r  a c t  a t  f i r s t  o r d e r  i s

s e c o n d a r y  t o  L h a l  o J  t h c  e x i s l e n c e  o f  6 ( i ) ,  u h i r l r  i s  p r o v e n  u n c q u i v o c a l l y  b y  t h e

d a t a  o f  v a n  d e r  Z i e l  e r  d l .  [ / ]  a n d  b y  t h €  a r g u m c n r s  o t  S e c .  2  o f  t h i s  p a p e r .

T h e  s i m p l e s t  e r a m p L e  o f  t h e  i n v e r s e  I a r a d a r  ( I f e c t  r i t h o ü r  a Ö s o . p l i o n  i s

' h e n  c i r c u l a r l y  p o L a r i z e d  l i g h t  i n t e r a c t s  ' i t h  o n .  e l e c t r o n -  T h i s  p r o b r e m  w a s

f i r . r  d i s c u s s e d  b y  T a l i n  e t  a ] .  [ 2 8 ] ,  f r o n  v h i c h  i L  i s  s t r a i g h t f o r v a r d  t o  s h o w

[ 2 9 ]  l h a t  r h e  m a g o e t i .  d i p o L e  r o m e n t  i n d u c e d ,  v i t h o u t  a b s o r p t i o n ,  i n  o n e  e L e c t r o n

b y  c i r c u L a r l y  p o l a r i z e d  l i g h t  i s

The Magnetic FieAs and Roration Gerrerators o:f Free...

D = :els:,3 rd)a (!)
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( 3 8 )

Here  e  and mo are  Lhc  e lec t ron ic  charge and mass,  o  the  angu l  a r  f req [ency  o f
t h c  l i g h t .  I t  i s  t h e r e f o r c  a  s i n p l e  m a t t e r  1 o  s l ( ) s  r h a t  t h e r .  i s  n o  e L e m e n t a r y ,

o n e  e l e c t r o n .  i n v e r s c  F a r a d a y  e f f e c t  i f  a ( 3 )  - ?  o .  l r l u a r  i o n  ( 3 8 )  i s  s e c o n d  o r d e r

l n  t h e  r n a g n i t u d e ,  4 1 0 ) ,  o f  a { 3 ) .  I f  v e  a s s e r t  2 9  l h a r  B ( 3 )  c a n  a c t  a r  f i r s t
. r d e r ,  t h e  e f l e c  L  b e c o m e s

D  =  -  " = - ' i B , , '  t !  s , t s r t t
2 n'i n"

, h e . e  r o  i s  a n  o r b i L a l  e l e c t r o n  r a d i u s .  F o r  o  o l  i l ) o ü l  1 O ' \  r r d  s e . - 1 ,  a n d  f o r
r  f i r s t  o . d e r  e l e c t r o n  r a d i u s  o f  a b o u t  l 0 A ,  t h .  o r d ( . r : j  o l  D a D r i t r k i .  f o r  a  b e a m
i r t c n s i t y  o f  a b o u t  1 0 "  v a t r  m  t r  b e c o n e

l l l  -  - 1 O  r F  A o )  1 0  , ! r l i ) l ( 40 )

( 3 9 )

. , n . j  t h e  s e c o n d  o r d e r  e f f e c t  i s  r o r l g h l y  t e n  t i n e s  l i r 1 f . r .  l l r r l . r  o t h . r  c ( ) r n l i t  i ( ) l s ,
r l i c  f i r s t  o r d e r .  e f f e c t  ß a y  o f  c o u r s e  p r e d o m j , r : , r . .  A t , n i I  r h c r c  r r (  I ( )  ( 1 r t a

, i ! a i l a b l e  t o  t e s t  t h e s e  h y p o t h € s e s .  T h e s e  . l a t ; ,  ! ( , , , 1 d  r . q u i r .  t  h .  . a f c l u l
o t r : a s u r e m e n t  a n d  a n a l y s i s  o f  t h e  i n t c n s i t y  d . p . r ! 1 . ' r . ( ,  o f  t h e  i n v . r s .  I , a r : , ( l r y
,  f f e c t  i n  a  s u i t a b l e  e l c c t r o n  p l a s m a  { 8 1 .

4 .  Thc  Long i tud iMl  E lecr r i c  t ' i e ld ,  iB{ r }

T h e  e x i s t e n c e  o f  a  - B t l )  a p p e a r s  t o  i n r p l y  n r  l i r s l  s j g h r  t h a t  t h e r c  m u s t  b .
L  c o r i c o ü i t a n t  l o n g i t u d i n a l  e l e c t r i c  f i e l d  t  r o m  l { r x w . l  i  , i ;  e q t r a t i  o n s .  H o r r . v c r ,
. , r . h  a  f i e l d  h a s  n e v e r  b e e n  d e t e c r e d  e x p . r i n n l l a l l y .  n o  l a r g c ,  f i r s t  o r d . r .

I  L . r i z J t i o n  e f f e . t s  o f  l i g h r  h a v e  b e e n  o b s . r ! ( . d  r o  d a t e .  T h e  o n l y  k n o  l
r , o l a r i z i n S  e f f e c t  o f  l i g h t  i s  o p t i c a l  r e . r j l i . : r r i o l  l l 0  a  s m a l L ,  s e c o n d  o r d . , r

r , f o c . s s .  T h e r e  a r e  s e v e r a l  f a c t o r s  t h a t  p o i n t  t o ! . r ( l s  t h c  f a c r  t h a t  t h e r e  i s  n o

' a l  ,  ( : i . e . ,  p h y s i c a f )  e l e c t r i c  f i e l d  t { 3 ) ,  b u r  l l r a r  f h e . e  i s  a n  i n a g i t @ | y  i E t ' , .

I  I n  s p e c i a l  r e l a t i v i t y  [ 3 1  ] ,  t h e  s q u a r c  o l  r h .  c o m p l e x  v e c r o r

( c D t l )  +  i E ( t )  ) ,  :  c 2 8  i r ) :  ,  r .  ( ' r r  +  2  c i B t ! \  .  E t t ,  t
( / r l  )

i s  a  Loren tz  i . var ian t .  The rea l  par rs  o f  the  tvo  lndependent  invar ianr< ,

c 1 B \ \ t 2  E t i ) 2 ,  a n d  2 c i t 6 )  - ! { . ) .  a r e  b o t h  z e . o -  T h e  f i r s t  i s  t h e

i



I  l 0 me Photomagneton ahd Quahlutn FieA Theory

(42>

c o n t r i b u r i o r  o f  . B ( 3 )  a n d  ! ( 3 )  t o  t h e  f r e e  s p a c e  e l e c t r o n a g n e r i .  e n e r g y

d e n s i t y ,  t h e  s e c o n d  i s  p u r e  i ß a g i n a r y .  T h e y  a r e  w e l l  k n o w n  t 3 1 l  t o  b e  t h e

t v o  i n d c p e n d e n t  i n v a r i a n t s  o f  t h e  e l e c t r o m a g n e t i c  f o u r - t e n s o r ,  F r ! ,  t h e

f o u r  c u r l  o f  4 , .  I t  i s  a l s o  \ r e 1 1  k n o m  t h a t  I ,  a l L o w s  f o r  t h e  . r i s t e n c e

of  l  ong , i  tud ina l  I ie ld  conponents  in  f ree  space.  These are  cus tomar i l v

a s s e r : t e d  t o  b e  z e r o  v i t h  t h e  u s e  o f  a  s u l t a b l c  g a u g e .

2 .  T h e  f a c t  t h a t

r J l r )  -  i l ! ( t . a ( 1 )  + € o i t r t ) . j t ( ! )  O ,

i n  f r e e  s p a c e  i s  c o n s j s t e n t  t i t h  L h c  f a . t  t h a r  i 1 r )  i s  d i r e . t l y

propor t iona l  to  the  sp in  angu lar  momentum o i  the  Photon ,  vh i 'h  hns  to

P l a n c k  e n e r g y .  I t  i s  n o t  p o s s i b l e  t o  a s s e r t  t h a t  a n y  r e a l  e L e . r r i .  f i e l d

be propor t iona l  to  any  k ind  o f  r€a l  a .8u la r  noßentun ,  b€cause o f  F  and i

s y m m e t r i e s  [ 1 9 ] .  T h e  i m a g i n a r y  i ! ( : '  t h e r e f o r e  c o r r e s  f r o m  f u n d a m e n t a l

s p e c i a l  r e l a t i v i t y ,  w h o s e  w e L l  k n o w n  d r r a l  t r a n s f o r m a t i o n  t 3 1  I  c o n v e r t s  a

p u r c  r e a l  m a g n e t i c  f i e l d  t o  a  p u r e  i m a g i n a r Y  e l e c t r i c  f i e l d  t i t h o r t

c h a n g i n a  t h e  M a x w e l l  e q u a t i o n s  i n  f r . e  s p a c e .

:1 .  The Maxwel l  equat ions  in  f ree  spa.e  are  sa t is f ied  by  a(3)  accompan led  bv

i ! t3 '  because bo th  a re  phase i ree  and thcre fore  t ln€  independent  and

u n i f o r n  i n  c l a s s i c a l -  e l e c t r o d y n a m i c s .  t f  w e  { r i r e  8 ( t )  i n  r e r m c  o f  a

v e c t o r  P o t e n t  i a l

a ( 3 '  =  V x  4 ,

a n d  a t t e m p r  t o  \ , t r i t e  a  r : e a l  ! ( : )  i n  r e r r n s  ö f  t h e  s c ä ] a r

t l : )  . ,  VÖ(r) - 94, <44)

i t  i s  f o u n ( l  l h a t  t h i s  1 e a d "  t o  r { $  =  o  i n  f 1 a x w . l l  i a n  e L e c r r o d y n a m i c s

T h e r e f o r e  i {  t ( 3 )  j <  r e a l ,  t h e  r e a l  a { 3 )  v a n i s h e s .

4 .  T h e  j o i n t  c o n t r i b u r i o n  o f  . B c )  a n d  i t r s )  t o  u l r )  i n  l r e e  s p a c e  i s  z e r ö  T h e

Poynt ing  th€or :em then asser : ts  tha t  the  vec tor

r r =  ! i ! { ! ) t ! ( 3 )  = o , ( 4 5 )

i s  z e r o .  T h i s  i s  c o n s i s t e n t  \ t i t h  t h e  f a c t  t h a t  r { ! )  i s  p a r a l l e 1  t o  j l ' ! '

( 43  )

The Magnelic Fiel ond Rotation Generotors of Free...

i n  r h e  p r o p a g a t i o n  ä x i s .  I t  f o l l o v s  t h a r  1 2 6 1 ,  i f  a ( t  ä n d
a s s e r t e d  t o  b e  i n  e e D e r a l  c o m p L e x ,

l l l

(46)l ( r , x B ( . )  =  E t t ) / B t \ t ,  ! ( 2 )  x 8 ( 1 )  :  A o ) . x a o ) ,

f r o n  w h i c h  i f  t r l )  i s  r e a l ,  t h e n  i r { r )  m u s r  l ) (  p u r e  i m a g i n a r y .

J .  A n  a t t e m p t  t o  c o n s t r u c t  f o r  a n  a s s u m e d  r e a )  E t ' )  a . v . 1 i c  a l g e b r a  a k i n  t o
( 1 0 )  r e s u L t s  i n  i  v i o l a l i o n  [ 3 2 ] .  T h i s  i s  . o n s i s r . I t  H i t h  t h e  f a c t  t h a t
a  r e a l  l o n g i t u d l n a L  e l e c t r i c  f i e l d  w o u l d  h a v i ,  r o  l ) e  a  p o l a r  v e c t o r ,  l r h i c h
c a n n o t  !  o n  b a s i c  g e o m e t r i c a l  g r o u n d s  ,  b e  c o n s t  r u . r  c d  I  r o m  r h e  c r o s s  p r o d u c t
o f  t w o  n u t u a l l y  o r t h o g o  a l  p o l a r  o r  a x i a l  v . { : t o r s .  I n  o L h e r  v o r d s ,  a n y

c r o s s  p r o d u c t  s u c h  a s  r ( !  x t ( 1 )  o r -  t ( 1 ) , D ( , )  m L r q l  p r o ( 1 1 r . ( ,  , r n  d x i a l  v e . t o r .

C r o s s  p r o d u c t s  s u c h  a s  l o )  x r ( , )  ( t h o s e  d c f i n i n S  r h c  l , o y n l  i n g  v € c t o r )

p r o d u c c  a  p o l a r  v e c t o r  ! , r h i c h  i s  I  n e g a t i v e .  A n y  r ,  a i  ,  r r h y s i . a l  e l e c t r i c

f i e l d  m ü s t  b e  ?  p o s i . i v e ,  a n d  t h e r e f o r e  c a n n o t  b .  p r o ( l u . . d  t r o m  P o y n t i r ) g
r y p e  c r o s s  p r o d u c r s _

F o r  t h e s e  r e a s o n s  t 1 3 )  i s  a c c o m p a n i € d ,  f o r  . o n s i s t e n . y  i l  . 1 a s : i i ( : a l

u a x w e l l i a n  e l e c t r o d y n a m i c s ,  b y  i l ( 1 , ,  a  c o n c l u s i o ' t  u h i c h  e n r . r g c s  f r o m  s p ( . c i a l

, e l a t i v i t y .  D u a l  t r a n s f o r m a t i o n  p r o d u c e s  i A { t  i r ( ) r !  g { 3 )  a n d  v i r : e
' . q u i r € d ,  a n d  t h e s e  t w o  c o n p o n e n t s  ( o n e  m ä g n e t i c .  t , l r v s i . a l .  a n d  r o a l .  l h .  o l h . r
. L e c L r i c ,  u n p h y s i c a l  a n d  i n a g i n a r y )  r a k e  t h e i r  p 1 a . ,  i n  r h e  c i . : c r r o m a g l c r i c  l o u r -
l . n s o r  F r v .  C l a s s i c a l  e l e c t r o d y n a m i c s  i s  t h e r . l o r .  r c n d . r c d  n o r c  f u l l v  s . l 1

, . o n s l s t e n t  b y  t h e i r  i n c l u s i o n .  8 ( t )  p r o d u . e s  l ) l , v s i . a l  . l t e c 1 s ,  i A ß '  p r o d u c e s
, , o  p h y s i c a l  e f f e c t s  -

T h e r e  i s  e x p e r i n e n t a l  e v i d e n c e  l 7  1 2 I  1 o r  r h .  f a c r  t h a t  r h e  p r o d L r . r

E r l )  x 8 ( 2 )  i s  n o t  z e r o .  E r p r e s s i n g  t h i s  p r o d u . l  a !  r a t o r ! ( 1 )  s h o w s  t h a t  t h e  r e a l  ,
l o n g i t u d i n a l ,  p h a s e  f r e e  a ( 3 )  i s  n o t  z e r o  j n  1 r . .  s p a c e ,  a  d e d u c L i o n  w h i c h  i s
. , r ' p p o r t e d  o n  g e o m e t r i c a l  g r o u n d s  i n  S e c .  2 .  l l s i n l t  l h e s e  m e r h o d s ,  i !  h a s  b e € n
. , l , o w n  t h a t  l n  t h e  q u a n c m  f i e l d  t h e o r y .  Ü ' ' )  r .  p r , p o r r i o n a l  r o  r b €  p n o L o l  s p r l

, r ) t u l a r  n o n e n t u m  o p e r a t o r ,  i -  T h e  s o u r c e  o f  E " )  i s  t h e r e f o r e  r h e  s a m e  a s  r h a r

, l  p h o t o n  s p i n ,  a n d  6 1 r )  i s  a b l e  t o  p r " p J g . r r .  r , ,  f r e e  s p a c e  w r r h  p r L o L o n  s p , o .

l l i c  opera tor  € r ' )  has  no  P lanck  energy  be . .L rs .  thc  . , ieenva lues  o f  . i  fo r  one

t , l , o t o n  a r e  n  ä n d  - i ,  v h i c h  a r e  i n d e p e n d e D t  o f  f r c q u e n c y .  C l a s s i c a L l y ,  t h e  i o i n t
, o n t r i b u t i o n  o f  a ( 3 )  a n d  i E { ' )  t o  f r e e  s p a c e  e l e c t r o n F g n e t i c  e n e r g y  d e n s i t y  i s

.  c r o .  T h e r e f o r e  l ( t  ( a n d  6 1 r ,  )  i s  n o t  a b s o r b e d  i n  f i e l d - m a t r e r :  i n t e r a c t i o n ,  a n d
i . .s  no t  con t r : ibu te  to  the  P lanck  rad ia t ion  1av .  We reach the  fundamenta l
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conclusion thar the photon has t f i ree deArecs of  polar izat ion,  and that  th is does

not conf l ic t  r { ' i th  the PLanck la l t .  The sane conclusion is  reached f ron the

hypothesis [23,  32]  that  the photon have mass,  hovever t iny in magni tude The

r, Iaxwel l ian 8(1)  can therefore be regarded as the "zero nass l in i t ing" forn of  a

more general  theory,  in 'h ich the photon mass is  non zero For s€ver:a]  reasons,

i t  is  concluded thal  a(3)  ia acconpanied in f ree space by an imaginary i t " ' ,

which prodüces no polar izat lon.  l f  a{ ' )  is  asserted to be zero,  lhe inverse

Faraday ef fect  d isappears,  in conf l ic t  \ . t i  th exper imental  resul ts i7-121.  I t

app€ars plauslb le that  !13) act  3t  f i rs t  order as wel l  as at  second order in the

inw€rs€ Faraday ef fect ,  and other re lated nägneto opt ic  ef fects.
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Appendix. Cyclical Algebra Involving Electric I'ields

There are symmetr ic  cycl ical  re lat ions of  tyPe (10) vhich involve electr ic

f ie lds,  and which can also be re lated to rotat ion and boost  generators of  the

Lorenlz group.  In three dioensions there is  for  example,  the alg€bra,

Etü

! {2 )

t  E t z )  =  _ r ( o )  ( i c a ( . ) ) .

x  ( j ( r r { ! ) )  =  E ( o )  ! ( r ) ' ,
(A1 )

( i c r { r ) )  x  ! ( 1 )

vh ich  becomes a  re la t ion  be tveen boos t  and ro ta t ion  g€nera to .s  vh .n  ue  cone to

c o n s i d e r  t h e  f o L r r  d i m e n s i o n s  o f  t h e  L o r e n t z  g r o u p .  T h e  e l e . t r i c  f i e l d s  a r e

propor : t iona l  to  1 :he  boos t  genera lo rs ,  and the  m: tg r te t i c  f ieLds  to  the  ro ta !Lon

I n  o r d e r  t o  d e r i v e  a  p e r f e c t l y  c y c l i c a l  a l g e b r a  i n v o l v l n g  e l e c t r i c  f i e l d s

on1y.  i ^ ,e  f i rs t  no t€  tha t  the  ex is tence in  spec ia l  re la t i v i t y  o f  the  comple ] {

wector  c8(3)+ i ! ( t  means tha t  the  symnet ry  o f  tbe  tna+ i t la ry  i ! ( ' '  cänbe regarded

as nagnet ic ,  i .e . ,  regarded as  the  sa lDe as  tha t  o f  rea l  cB l t t  -  Th is  o f  course

means tha t  i ! ( t  i s  no t  a  rea l  e lec t r i c  f ie ld .  The square  o f  the  complex  wector

c r ( , )  + i ! (3 )  g ives  Lorentz  inwar ian ts  as  in  the  tex t .  I r ' / i th  th is  rea l i za t ion ,  the

fo l lov ing  cyc l i ca l  a lgebra  can be  s t i t ten  down

The Mapieric Fieus atuJ Rotarion Generators of Free... I  l 3

( 4 5 )

( A 6 )

x  ( i r 1 3 ' )  :

(  r ( r ) )  i  E ( r ,

which  in  space- t ime is  an  a lgebra  invo lv inA boos t  gcnera tors  o f

t B ( . ) ,  B ( 2 ) l  =  j r r ) . .  t i { , ) ,  j l ) l  =  i ( r ) ' ,  I i t r ,  k t l t l  =  - k t , r t .  ( A 3 )

I te !e ,  the  boos t  genera tors  in  the  c i rcu la r  bas is  a re

i : ]  
(A4,

' l h e  
b o o s t  a n d  r o t a r i o n  g e n e r a t o r s  a r e  r e l a t e d  t o  t l t r . r l e . t r i .  a n d  n E g n c t i c  l  i e l d s

o f  the  Lorentz  g roup by ,

I I D

( ^2 )

-li riil . [it
t ( 1 )  :  E ( o ) R ( 1 ) e r i ,  E t , )  =  E t ü k \ 1 ) e , ö

6 ( 1 )  =  _ a r d ) J { 1 ) e r { ,  g t , '  =  , a \ r ) j . \ , ) t ,  4

f " ,  =  , 1  f t ß r

B \  i )  _  i  B t . o )  \ j  t 3 )

J , i n a 1 1 y ,  t h e  c y c l i c a t l y  s y m e t r i c  a l A e b r a  o {  r h ( .  l . ( ) r c n l z  g r o u p  i s  c o m p l c L c d  b y

t ( r ,  j ( 1 ) l  =  o ,  L r t , , 3 1 D l  =  a ,  t i l r ' .  , ? 1 , i t  =  o .

l h e r e f o r e  i n  t h e  s p a c e  p a r t  o f  t h e  L o r e n t z  g r o u p .  t h c  c o m p l c L e  s e t  o f  f i e l d s  a r e

a { 1 ) ,  8 ( 2 )  a n d  a ( 3 )  a n d  ! ( 1 ) ,  ! ( t )  a n d  i r ( ' ) .  
' l t ! , : i c  { : o m p o n e n t s ,  e x p r e s s e d  i n  r h e

{  i r c u l a r  b a s i s  ( 1 ) ,  ( 2 ) ,  a n d  ( l ) ,  t a k e  t h { : i r  p l a c .  i n  t h e  a n t i s y m m e t r i c  f o u r

. , r r i x  F " , ,  t h €  f o u r . - c u r l  o f  Ä "  i n  s p a c e - t i m c .  1 h e  f i e l d s  r ( ' )  a n d  i l G '  a r c
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